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Abstract

Let E be an elliptic curve over Q given by y? = f(z) where f(x) =
xz(z — 1)(x — A). In this paper, we describe a construction of twists
Eg(uy of rank 2 over Q(u), where g(u) are polynomials over Q. The
construction leads to two sets of twists: the first consists of five twists
obtained by Rubin and Silverberg with a different method, while the
second consists of five new twists.

1 Introduction

Let f(x) = 23 4+ ax® + bz + ¢ be a cubic polynomial over Q and let E be
an elliptic curve defined by 3? = f(z). For each polynomial g over Q let E,
denote the quadratic twist of E by g defined by

gty = f(x),
and let Eg be E, written in the form
y2 =23+ ag(t)x2 + ng(t)a: + cg?’(t).

There is a Q(t)-isomorphism E, — E,, given by (z,y) — (g(t)z,g*(t)y).
The twist Efq) : f(t)y* = f(z) has rank 1 over Q(¢), with a point of infinite
order (t,1) (see arguments given after Lemma 1). In [6] and [7] a general
method for finding quadratic extensions Q(u)/Q(t) such that the curve E;
has a new point over Q(u) independent from (¢(u), 1) has been described.
It is based on the assumption that the z-coordinate is of the form h(t(u))
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where h(t) is a linear fractional transformation in Q(¢) that permutes roots
of f. By varying h’s (i.e. by composing the quadratic extensions), families of
quadratic twists of rank 3 and 4 were obtained in the case when E is defined
by y?> = z(z — 1)(z — A). Similar results were obtained independently by
Kuwata in [5]. On the other hand, several authors successfully used another
method for constructing points on elliptic curves over Q(t) (see, for example
[1] and [2]). For elliptic curves y* = 2 + az?® + bz with a,b € Q[t], they
searched for (as simple as possible) integral points. In the case of elliptic
curves Ey it means that we are seeking integral points on the curve E ¢ In
this paper we make a detailed analysis of the later method for a class of
possible integral points, for quadratic twists of £ : y? = z(z —1)(z — )). We
find that, for this class, the method rediscovers five twists coming from [6,
Propositions 2.7 and 2.9]. Further, we find that the method discovers five
new twists (see Theorem 2). In other words the method leads to new five
quadratic extensions of Q(¢) over which E; has rank two.

In Section 2 we get four sets of five quadratic twists (it is only a part of
quadratic twists that can be obtained by the approach from Section 2). We
prove that these four sets reduce to two sets of five twists (Lemma 4). In
Section 3 we prove that one of these two sets corresponds to the set of five
twists coming from [6, Propositions 2.7 and 2.9] (these five twists correspond
to five nontrivial fractional linear transformations permuting {0, 1, A}).

2 Description and application of the method

Lemma 1 Let E be an elliptic curve over Q, let g be a polynomial over Q,
and let C be the curve s> = g(u). Then rank(FE,(Q(u))) < genus(C).

PROOF. See [8, Section 4, Corollary 1] and [6, Remark 2.12]. |

By Lemma 1, E; has rank 1 over Q(t), with a point of infinite order
Ti(t,1) (see e.g. [4, Corollary 1(1)]). Note that T1(tf(t), f2(t)) is the corre-
sponding point on Ef.

In the rest of the paper, we assume that

E=FE": y*=z(z -1z -\ =2>—(\+1)z% + \z.
Then,
Ey: g(t)y® = z(x —1)(z = N),

and

E,: y? =x(x — g(t))(z — Ag(t)) = 23 — (A + D)g(t)z® + \g*(t).
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For each g, the curve Ej has three points of second order: (0,0), (1,0), (X,0).

Lemma 2 Let T(r,s) be a point on E,. Then

T+(0,0):(;\’_i§>’ FLo= C’ ij(A ii)

)= (AS«_—1 | 1—;)3)

Proor. By direct calculation. ]

We try to find a new point T on ~E~f under the assumption that it is
Q|[t]-integral, especially that & := x(Ty) satisfies |f2(t). Generally, for
y? = 23 + az? + bx, we search for a point (Z,7) such that Z|b and

b
T

is a complete square in Q[t]. We will see that this is possible after a suitable
quadratic substitution ¢ = t(u). In other words, the new point is defined
over a quadratic extension Q(u) of Q(t). Let us sketch the procedure. Al-
though we have a variety of possibilities for z, in this Section we restrict
our consideration to & = A(t — a)(t — B)?, where «, 3,7 are the roots of
23 — (A4 1)z2 + Az and A is a rational constant. Then the expression J
from (1) becomes

Taap(t) = A= B — (A4 DAG = B)(t =) + A= 7)%). ()

Note that the corresponding point T5 on E has first coordinate x = z(T) =
A%, i.e. that it is of the form h(t) where h is a special fractional linear
transformation over Q .

Generally, J A,a,8 18 a cubic polynomial in . We search for a substitution
t = t(u) under which it becomes a square. In the following lemma we will
describe conditions under which J A,a,3 has a double root, or reduces to a

quadratic polynomial.
Lemma 3 Let J4a5 be as in (2). Then:

(@) Jaap(t) = %(t —a)((A—1)t = (BA—=))((A =Nt = (BA = M)

(b) If Jaap has a double root, then A = o or A=\i=}; in both cases
« 18 the unique double root.
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(c) If jA,a,ﬂ reduces to a quadratic polynomial, then A =1 or A= A.

PROOF.
(a) By direct calculation.
(b) It is easy to see that the polynomials (A — 1)t — (A — ) and (A —
ANt — (BA — \y) are not proportional. Now the statement follows from (a).
(c) Directly from (a). |

Let us consider the case A = g—:g from Lemma 3. Then

Jaes __ B—n e oV (0 — (1 e
(t—a)g_(a—fy)(a—ﬁ)((l Na+AB =)t = (aB — (1 = A\)By — Aay)).

The condition that J has to be a square can be restated as

u? — (a = B)(B =Ny —a)(aB + (A —1)By — Mya)
(@=B)B-N-a)(A-Da=A8+7)

. t— . .
The first coordinate z = A% of the corresponding point 75 on Ej(y))
becomes

t=t(u) = (3)

_a—q v XMa- BB -7’0 -qa)
a—pB w4 (a=PF)(B—-7)>2(y-a)?’

Remark 1 The point from (4) is defined over Q(u), where u = \/kq (%),
with

Fap(t) i= (a=B)(B=1) (=) (A= D)a—AB+7)t+ (@B~ (1-A)By—Aar)).

If (o, 8,7) = (0,1,\) then k(t) degenerates and we have no new points.
It is easy to see (by direct calculation) that the other five cases produce
nonisomorphic twists E(,)). Furthermore, in each case a new point

f@)
e (”3 7)) >

is independent from 77(¢(u),1) (see Theorem 1, below). By Lemma 1, it
means that in that cases we have rank(Efq(,)(Q(u))) = 2. In other words,
E; has rank two over five quadratic extensions Q(y/kq,g(t)) of Q(t). There
are some exceptional values of \: if (o, 3,7) = (0,\,1) then A\ # —1, if
(o, B,v) = (1,0, A) then \ # %, and if (o, 8,7) = (A, 1,0) then \ # 2. Let
us interpret (a, 3,7) as the permutation 7 of the letters 0,1, A defined by
7(0) = a, w(1) = B, w(A) = 7. Then there is no exceptional value of \ if
and only if 7 is a cyclic permutation.

(4)
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In the following theorem we use arguments from [6, Lemma 2.3 and Corollary
3.3] to prove that T} and T3 are independent.

Theorem 1 Let Jap be asin (2), with A = a4 Assume that (o, 8,7) #

(0,1, \). Then the points Ty (t(u), 1) and Ty (x, % ) on Eyu)), where

x 1s as in (4), are independent.

Proor. The points 17,75 are nonconstant, which implies that they are of
infinite order. Namely, if g is non-constant and F any elliptic curve over Q,
then in the family Ey), 7 € Q there are infinitely many Q-nonisomorphic
quadratic twists of E (see, for example, [8, Theorem 2]). Assume that £, has
a non-constant torsion point 7" over Q(u). Then the specialization produces
torsion points of order > 2 on infinitely many different Q-twists of E. It is
a contradiction (see, for example [3, Proposition 1]).

Consider the second coordinate y of the point T5. By this procedure, up
to a sign, we have

_ Z(t(u) — a)u _ z(t(u) — a)u
T A0 - Ity T (a= A - )W)
Since t(u) and x are even functions in u, we see that y is odd as a function

in u. Therefore the automorphism u — —u of Q(u) over Q(t) fixes T and
sends T to —T5. This implies that T} and T5 are independent. [ |

Lemma 4 Let the notation be as in Lemma 3. Then:

(a) Assume that Ja o p has a double root (reduces to a quadratic polyno-
mial). Then Jx _ has a double root (reduces to a quadratic polyno-
A7

mial).

a”y

(b) Let T (respectively T') be the points on Ey corresponding to the choice
T = A(t—a)(t—B)? (respectively to the choice T = %(t —a)(t—7)32).
Then, after a choice of the sign, we have T =T + (0,0).

PROOF.
(a) Follows from Lemma 3.
(b) Follows from (a) and Lemma 2. |

Remark 2 By permuting «, 3,7, the expression A = g—:g takes six dif-

ferent values A, %, 1— A, ﬁ, %, ﬁ Then the expression % takes the
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corresponding values 1, A2, ﬁ, A1 —=N), /\/\—_21, A — 1. Note that (1) is invari-
ant under the transformation Z — % Therefore & = A(t — a)(t — 3)? leads
to the same substitution ¢ = t(u) as & = 4 (t—a)(t—~)2. Therefore, in both
cases we get the same twist F(y(,)). By Lemma 4, the corresponding points
on Ey () differ by the point (0,0). Therefore, without loss of generality, we
may assume that, in the case when J has a double point, we have A = g—:g

In the following theorem we will describe the case when J reduces to a
quadratic polynomial. By Lemma 3, we have A =1 or A = A\. By Lemma
4, we may assume that A = 1. We will see that this case leads to five new
quadratic twists of rank two. In other words, we find new five different
quadratic extensions Q(z) of Q(t) over which Ey has rank two.

Theorem 2 Assume that jA%g reduces to a quadratic polynomial with A =
1. For (o, B,7) # (0,\, 1) it leads to five twists over

Q(2) = Q)(V (B =)t — ) (A=)t + (B—Ay))),

with t = t(z) = aifgf:;’))((g:i‘;), and the point on Ef )y with first coordi-
_ (@=B)Z2+A(B—y)?

nate T = oo A7
by (3), (4) and Remark 1.

These five twists are different from those described

PROOF. By Lemma 3 (a), we get Ja s = (3—7)(t—a)(A=1)t+(B—)\7))
Now we apply the transformation jA,a,B = ((t—a)z)?, and put into z = %

Note that these five twists are defined over five different quadratic extensions
of Q(t), which are different from the extensions Q(t)(y/kq,5(t)) from Remark
1. Analogously as in Theorem 1, we see that the rank over Q(z) of each of
five curves is two. [ |

3 A connection with formulas from [6] and [7]

In [6] a method of finding points on
Ejaw) « F(tw)y* = f(x)

with z-coordinate equal to h(t(u)) has been described, where h(t) is a linear
fractional transformation in Q(¢) that permutes roots of f and Q(u) is a
suitable quadratic extension of Q(t). By [6, Proposition 2.9], given such h,
there exist a linear polynomial k£ and a rational function j over Q such that

F(h(t)) = k() F(1)7%(2).
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Therefore, we may make the substitution k(¢) = u?. Then

is a point on Ey(;(y)). This method works for f having at least one rational
root; here we concentrate on f of the form z(z—1)(z—\) for A € Q, A # 0, 1.
We will see that this method is equivalent to the method from Section 2 in
the case when when J has a double point. As we have already seen (see
Remark 2), it is sufficient to consider the case A = g—:g Recall that this
case leads to the point on E; with first coordinate z = g—:g . %

Theorem 3 Assume that a point T on E; has first coordinate Z—:g . %
Let h(t) = hqap(t) be the first coordinate of T + (X,0). Then h permutes

letters 0,1, \. Explicitly, h(or) =0, h(B) =1, h(y) = A.

ProOOF. By Lemma 2, we get

(@=7)(t=p) = (a=P)(t =)
(=)t =8) = Ma=p)(t—7)

Now the statement follows by direct calculation. |

h(t) = hag(t) = A

Remark 3 Theorem 3 says that formula (4) from Section 2 in this context
leads to formulas from [6, Propositions 2.7 and 2.9]

Following [7, Definition 3.1], we fix linear fractional transformations
hi; 1=1,2,3,4,5,6 that permute roots

ht)=t,  ki(t) =1,

M) = G Rl = (L= A= 2+ 1),
2, 2
h) = Gy R0 = M= - a+ 1e- ),
ha(t) = (HE_A Falt) = A((A+ 1)t — N,
oty = A=A ks(t) = A~ 1)((1 — 201 + %),

(@A — 1)t — A2’
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M — A2
(A2 — X+ 1)t — 22’

Using cycle notation we have:

he(t) = ko(t) = A\ — 1)((A2 = A 4 1)t — \?).

ha = (ON), hs = (0AL), ha = (1)), hs = (01), hg = (OL\).

Remark 4 It is easy to check that h;, i = 1,2,...,6 coincide with h, g as
a, B,y permute. Also, k; are square-free parts of

kap(t) == (a=B)(B=7)(y—a)(A=1Da=AB+7)t+(af = (1-A)fy—Aay))
(see Remark 1). Explicitly:
ho1=hi, koi(t) = (A —1)? = X2\ = 1)% ki (1),
hox = ha,  koa(t) = (A= 1)% - ka(t),
hio=hs, kio= ks,
hix = hs, kix=ks,
hxo = he,  kao(t) = ke,
hag = ha, kai(t) = A ka(2).

We see that, for corresponding k, g and k;, there exists do 3 € Z[)\] such
that ke ps(t) = d2 gki(t).
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