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ABSTRACT. In this paper, we consider elliptic curves induced by rational Dio-
phantine quadruples, i.e. sets of four nonzero rationals such that the product
of any two of them plus 1 is a perfect square. We show that for each of the
groups Z/27 x Z/kZ for k = 2,4,6,8, there are infinitely many rational Dio-
phantine quadruples with the property that the induced elliptic curve has this
torsion group. We also construct curves with moderately large rank in each of
these four cases.

1. INTRODUCTION

A rational Diophantine m-tuple is a set of m distinct nonzero rationals with
the property that the product of any two of its distinct elements plus 1 is a per-
fect square. The first rational Diophantine quadruple was found by Diophantus
himself, and it was the set {%6, %, %, 11—065}. The first Diophantine in integers,
the set {1,3,8,120} was found by Fermat, and Euler was able to extended Fer-
mat’s set to a rational Diophantine quintuple by the fifth element 87227846101. Re-
cently, Stoll [31] proved that Euler’s extension of Fermat’s quadruple to the ratio-
nal quintuple is unique. In 1999, Gibbs (see [25]) found the first rational sextuple

o5, to, 105 312 1235 180873} while in 2017, Dujella, Kazalicki, Miki¢ and Szik-
szai [15] proved that there exist infinitely many rational Diophantine sextuples (see
also [14, 16, 17]). For surveys of results and conjectures concerning Diophantine
m-tuples and their generalizations see [10] and [11, Sections 14.6, 16.7].

Let {a,b,c} be a rational Diophantine triple. In order to extend this triple to
a rational Diophantine quadruple, we need to find a rational number x such that
ax + 1, bx + 1 and cx + 1 are squares of rational numbers. By multiplying these
three conditions, we obtain a single condition y? = (az + 1)(bx + 1)(cx + 1), which
is the equation of an elliptic curve. We say that this elliptic curve is induced by the
rational Diophantine triple {a,b,c}. The question of possible Mordell-Weil groups
of such elliptic curve over Q, Q(¢) and quadratic fields, was considered in several
papers (see [1, 5, 8, 13, 19, 20, 21, 22, 23, 32]). In particular, it is shown in [§]
that all four torsion groups that are allowed by Mazur’s theorem for elliptic curves
with full 2-torsion, i.e. Z/2Z x Z/kZ for k = 2,4,6,8, can appear as a torsion
group of an elliptic curve induced by a rational Diophantine triple (note however
that this question is still open for elliptic curves induced by integer Diophantine
triples, see [7, 18]). Dujella and Peral used elliptic curves induced by Diophantine
triples to construct elliptic curves over Q(t) and Q with given torsion group and
large rank. Let us mention that the curves with the largest known rank over Q

and torsion groups Z/27Z x Z/kZ for k = 4, 6 and 8 can be induced by rational
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Diophantine triples (see e.g. [22]). The details about the current rank records and
the corresponding curves can be found at the web page [12].

In this paper, we will consider similar questions but for elliptic curves induced by
rational Diophantine quadruples. Let {a, b, ¢,d} be a rational Diophantine quadru-
ple. To extend it to a rational Diophantine quintuples, we need to find a rational
number X such that aX + 1, bX + 1, ¢cX + 1 and dX + 1 are squares of rational
numbers. As in the case of extension of triple to quadruples, we can multiply these
four conditions. We obtain the equation

Y2 = (aX + 1)(bX + 1)(cX + 1)(dX + 1),

which is the equation of a genus 1 curve. By the substitution
_Y(d—a)(d—0b)(d—c) . (aX +1)(d—-b)(d—c)

(dX 4+ 1)2 ’ dX +1 ’
we obtain the following elliptic curve
(1) E: y*=z(z+(b—a)(d-c)(z+(c—a)(d-Db)).

We say that this elliptic curve is induced by the rational Diophantine quadruple
{a,b,¢,d}. Such curves were considered in [6], where several examples of curves
with torsion group Z/27Z x Z/27 and rank equal to 8 were obtained.

In this paper, we consider the question which torsion groups are possible for
elliptic curves induced by rational Diophantine quadruples. We will show that,
similarly as in the cases of elliptic curves induced by rational Diophantine triples,
all four torsion groups that are allowed by Mazur’s theorem, Z/27Z x Z/kZ for
k = 2,4,6,8, are possible, and in fact they can be achieved for infinitely many
rational Diophantine quadruples. This is the main result of our paper. In each of
four cases, we will also find curves with moderately large rank.

There are three non-trivial rational 2-torsion points on E:

A=1(0,0), B=(-(b—a)(d—¢),0), C=(—(c—a)(d-"0),0),
and another two obvious rational points:
P=(b-a)(c—a), (b=-a)(c—a)(d-a)),
Q = ((ad +1)(be + 1), \/(ab + 1)(ac + 1)(ad + 1)(bc + 1)(bd + 1)(cd + 1)).

The points P and ) will play an important role in our constructions. In particular,
we will be interested in question under which assumptions these points may have
finite order.

2. TORSION Z/27 x Z]27

2.1. Subquadruples of Gibbs’ examples of rational Diophantine sextuples.
In [6], the first known rational Diophantine sextuples found by Gibbs [25] were
analyzed, and by considering ranks of elliptic curves induced by subquadruples of
these sextuples, several elliptic curves with rank 8 were found.

n [26], Gibbs presented over 1000 examples of rational Diophantine sextuples
of low height which are obtained by a computational search. By a systematic
computation of the rank of elliptic curves induced by subquadruples of these new
sextuples, we found several curves with rank 9. These curves correspond to the
following quadruples:

(b e.d) — 1218560 111 34191 1155

P T 317526117 77 197127 16

(b, d) = 8064 1408 16225 3337875
T 5975297 75 7 48 7 16
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bc,d} = 20
ta,bc,d} {232324’47961’ 623045 * 20

43875 71200 1633824 671 }

2.2. Parametric families of rational Diophantine quadruples. To improve
the results from the previous subsection, we considered several parametric fam-
ilies of rational Diophantine quadruples. The most successful was the following
approach, which was used previously in [9] for construction of rational Diophantine
sextuples with mixed signs.

Let {a,b,c} be a regular rational Diophantine triple, i.e. ¢ = a + b+ 2r, where
ab+1 = r2. Consider now other regular triple {b, ¢, d}, where d = b+c+2v/bc + 1 =
a+4b+4r. The only remaining condition in order that {a, b, ¢, d} be a Diophantine
quadruple is that ad+1 is a perfect square. This condition leads to (a+2r)%—3 = O,

and it is satisfied if we take r = *5%, where u = i—t?’ for t € Q, t # 0. Thus

we obtain a two-parametric family of rational Diophantine quadruples {a,b, ¢, d},
where

(t? — 2at — 4t + 3)(t? — 2at + 4t + 3)

b= y
16t2a
(t2 + 2at + 4t + 3)(t* + 2at — 4t + 3)
N 16t2a ’
g (= DE+3)(E=3)(E+1)

4t2q ’
and the corresponding family of elliptic curves, which is equivalent to
y? =23 + A2 + Bz,
where
A; = 615 — 481542 + 96t a* — 120t° + 992t*a? + 708t — 432t%a® — 10802 + 486,
By = (t* 4 2at — 1)(t* — 6at — 9)(3t* + 2at — 3)(t* — 2at — 9)
x (12 + 6at — 9)(t* — 2at — 1)(t* + 2at — 9)(3t* — 2at — 3).

We were able to find several curves with rank 9 within this family.

However, to find curves with slightly larger rank, we noted that if a? 4+ 1 is a
perfect square, then four quadratic factors appearing in the factorization of By have
square discriminant with the respect to ¢, and thus factorize into two linear factors.
This increases the trivial upper bound for the rank, w(B;) + w(A% — 4B;) (see e.g.
[11, Section 15.5]), and indicates that the rank indeed could be larger. Thus we
take

v? -1

v
and search for high-rank curves with reasonably small numerators and denominators
of the parameters ¢t and v. We used the standard sieving methods based on Mestre-
Nagao sums (see [29, 30]) and computing Selmer rank as an upper bound for the
rank. The Selmer ranks and exact ranks (for best candidates for high rank) are

computed by mwrank [3]. We found two curves with rank 10, corresponding to
p 142 142
53 23

(ab.c.d) — 19635 46592463 84196064 1144273
T 65327 2018322687 50458067 8775316

— 59 — 59
and t = °F, v = 37,

(a,b,c.d) 2325 187020623 261411943 13104399
PRI 40127 9949760 7 9949760 T 146320
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3. TORSION Z/2Z x Z/AZ
Consider the curve
E: y?= z(z + p1)(z + p2),

where p; = (b—a)(d —¢), po = (¢ — a)(d — b).
By the 2-descent (see [28, Theorem 4.2]), the point

Q = ((ad +1)(be + 1), \/(ab+ 1)(ac + 1)(ad + 1)(bc + 1)(bd + 1)(cd + 1))

is in 2F(Q), because 1 = (ad+1)(bc+ 1), z1+p1 = (ac+1)(bd+1) and z1 +p2 =
(ab+ 1)(ed + 1) are perfect squares. The point @Q is of order 2 if ad + 1 =0, i.e. if
d = —1/a. So the point R such that 2R = @ is of order 4 and F(Q) has a subgroup
7.)27. x 7./ AT.

Thus we need to find rational Diophantine quadruples which contain a subtriple
of the form {a, —1/a,b}. But this is already done in [8, Section 4]. By the notation
a=u,T =1, we get

ut +1
t—u

o= ((22) -0 Grne—a

It remains to find the fourth element ¢ of the quadruple. We may take ¢ such that
{a,b,c,d} is a regular quadruple,

(a4+b—c—d)?*=4(ab+1)(cd +1).

i

In that way, we get
(u—Duw+)E-1)(t+1)
(ut 4+ 1)(t — u) '
Hence, we showed that there are infinitely many rational Diophantine quadruples
which induces curves with torsion group Z/27Z x Z/4Z.

Other possibility it is take ¢ to be (ig‘@‘;jr’;);gj;_ bgs;t‘;;))Q (see [4, Proposition

3]), so we get
e 8(t — u)(ut + 1)(—4dut + t2 +u? + u2t2 + 1)(u — 1)(u+ 1)t — D)(t + 1) (% + dut + u? + w22 + 1)

(1 — 8ut — 12u2t? + 2u2 + 2t2 — 8udt3 + utd + But3 + t4 + ut + 8tu3 + 2u2tt + 2utt2)2

Within this two-parametric family of quadruples, we were able to find two exam-
ples of curves with rank equal to 6, for (t,u) = (3,1/12) and (¢,u) = (25/2,31/8),
corresponding to the quadruples

3 48 625153729200 7
71757 3633786904817 3

and

791 24800 14188099227120 138
1387 545797 9044268302161 * 791 |’

respectively.

4. TORSION Z/27 x 7.6

To achieve the torsion group Z/27Z x Z/6Z, we will find quadruples for which
the condition 3Q) = O, since then the point R such that 2R = @ will be a point of
order 6. To simplify the condition 3Q = O, we assume that {a,b,c,d} is a regular
quadruple. Then we may take R = +P by [6, Proposition 1]. There are several
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known parametrizations of Diophantine triples {a, b, c} (see e.g. [17, 24, 27]). We
will use the following parametrization due to Lasi¢ [27]:
2t (1 + tata(1 + tat3))
(=1 tatats) (1 + tatats)’
2o (1 + tots(1 + t3ty))
(
(

b=
(=1 4 t1tats) (1 + tytats)’

o 2t3(1 -ttty (1 +tto))
(=1 + t1tat3)(1 + tytats)’
followed by the substitutions which were already used in [24]:

t1: k7

tols
tg—m—l.
t3

From the regularity equation
(a4+b—c—d)?*=4(ab+1)(cd + 1),
we get as one solution for d:
—2(1 =ty +t3t1)(—ts + tats + 1)(—ta + 1 + t1ta)(—1 + t1tats)
(1 + titats)? '
Now the condition 3() = O become a complicated algebraic equation in terms of
t3, k and m. We searched for numerical solutions of this equation with t3 and k

of small heights, and tried to figure out some regularities within the solutions. We
have noted that there are solutions satisfying

d:

3
2 =
+ t3k EaE
i.e.
b —(2k* +1)
ST R +2)

By inserting this in 3¢Q = O, and factorizing the obtained expression, we get a
factor
4k*m — 4k3>m + 6k*>m — 2km + 2m + 6k — 3k + 6k — 3k*,
and thus we can express m in terms of k as
3k(—2+k — 2k% + k)
TR )2 —k+ 1)

Finally, we can express a,b, ¢, d in terms of k:

—2k(k? + 2)(3Kk3 — 2k% + 2k — 2)

T+ kE-DREF D)2+ k+2)

—k(1+k)(k—1)(2k? + k +2)(4k* — k + 4)

b= 2(k2 1 2)(k2 — k + 1)2(2k2 + 1) ’
o 2(2k* +1)(2k3 — 2k% 4 2k — 3)
A+ k) (k-1)(2k2+Ek+2)(k2+2)

g DA+ R)(F +2)(k - 1)

2(k2 —k+1)2(2k2+ k+2)
Hence, we obtained an infinite family of quadruples which induces curves with
torsion group Z/27Z x Z/6Z.
We tried to compute the rank of curves corresponding to parameters k with
small numerators and denominators by mwrank [3] and magma [2], and we found
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two curves with rank equal to 3, for £k = 23 and k£ = —%, corresponding to the
quadruples

16051953 170244712 914623 5498328
11214104° 17845198417 5622936 10310521

and

18873668 821921100 26226421 1090383
3382575 7 5086844387 4890900 ' 6661892 | ’

respectively.

5. TORSION Z/27 x Z/8Z

Let us start with the quadruple {a, b, ¢,d} from Section 3:

ut +1
t—u

)

dut
(ut +1)(t —u)’
C(u=1D(u+1)(t—-1)(t+1)
N (ut +1)(t — ) ’
t—u
Cut+1
The point @ = (0,0) of order 2 is in 2E(Q), so there is point R such that 2R = Q.
To get the torsion group Z/27 x 7 /8Z, we just have to force the point R to be in
2E(Q), i.e. R =285, for a point S in E(Q). Then the point S will be of order 8.
The point R has coordinates:

((u + )2 (ut — 1)% (w2 + D) (2 + 1) (u+ 1) (ut — 1)2)
(ut 4+ 1)2(t — u)?’ (ut +1)3(t —u)3 ’

2 2
We want that for z; = %, 21, 1 + p1 and x1 + ps are squares. But x

is already a square, while z1 + p; = O and z; + po = O both lead to the same
condition: (u? + 1)(t? + 1) is a square. Put

(W + D)2 +1) = (u* + 1+ (t —u)v)?

and we get
¢ = —2uv — 2v+ v*u+ud +u
T u?+1—102 ’
and finally,
(u—v+1)(u—v-—1)
- 2(u —v) ’
b= _2(u2 + 1 — v u(—2u?v — 2v + v2u +u + u)
W2+ 1)2u—-v)(u—v+Du—v—-1)
(—2u2v —2v +v2u+ud +u—u? —1+02)(—2u?v — 20 +v?u+ud Fut+u?+1—0v?)(u+1)(u—1)
‘= 2 + 1)2(u—v)(u—v+ D(u—v—1) :
de — 2(u —v)

(u—v+1)(u—v—-1)
Here u, v are arbitrary rationals such that
w(u+1)(u—1)(—uw+v+1+u?)(—uww+1+u?)(—uww —v+14+u?)(u—v+1)(u—v)(u—v—1)
x (u? +1 —v?)(—2u?v — 20 + v%u + ud + u)(—2uv — 20 + v2u + ud +u —u? — 14 0?)
x (—2u?v — 20 + v2u+ud +Fu4u? +1—0?%)

is non-zero (so that a, b, ¢, d are distinct non-zero rationals).
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By comparing j-invariant of our curve E with the general form of an elliptic
curve with torsion group Z/27Z x 7./8Z, i.e.

sl () ) e+ (B
T2 -1 2T ’
we find that j-invariants coincide for 7' = ——7>— . This implies that every curve
with torsion group Z/2Z x Z/8Z can be obtained from a rational Diophantine
quadruple.

For example, the quadruple
1804 226796 303199 1197
11977 5398477 239932 1804 |’
obtained for (u,v) = (2,—-25/19), gives the curve with torsion Z/2Z x Z/8Z and

rank 3 (equivalent to the curve found by Connell and Dujella in 2000, see [12]),
what is the largest known rank for curves with this torsion group.
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