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Abstract

In this paper we prove that the only primitive solutions of the
Thue inequality

2t — deaPy + (6¢ + 2)2y? + dexy® + yt| < 6c + 4,

where ¢ > 4 is an integer, are (z,y) = (£1,0), (0,£1), (1,%1),
(_17i1)7 (ila:F2)7 (:l:2¢:l:1)

1 Introduction

In 1909, Thue [20] proved that an equation F(x,y) = pu, where F € Z[X, Y]
is a homogeneous irreducible polynomial of degree n > 3 and pu # 0 a fixed
integer, has only finitely many solutions. In 1968, Baker [2]| gave an effective
upper bound for the solutions of Thue equation, based on the theory of linear
forms in logarithms of algebraic numbers. In recent years general powerful
methods have been developed for the explicit solution of Thue equations
(see [17, 22, 6]), following from Baker’s work.

In 1990, Thomas [19] investigated a parametrized family of cubic Thue
equations. Since then, several families have been studied (see [10] for ref-
erences). In [14, 13, 23, 24], families of cubic, quartic and sextic Thue
inequalities were solved.

In [8], we considered the family of Thue equations

(1) zt —dex’y + (6c + 2)2*y® + dexy® +y' =1,
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and we proved that for ¢ > 3 it has no solution except the trivial ones:
(+1,0), (0, £1).

The equation (1) was solved by the method of Tzanakis. In [21], Tzanakis
considered the equations of the form F(z,y) = u, where F' is a quartic form
the corresponding quartic field K of which is the compositum of two real
quadratic fields. Tzanakis showed that solving the equation f(z,y) = pu,
under the above assumptions on K, reduces to solving a system of Pellian
equations.

We showed that solving (1) by the method of Tzanakis reduces to solving
the system of Pellian equations

(2c+1)U* —2¢V?* = 1,
(c—2)U* —cZ? = —2.

This system was completely solved by the combination of the ”congruence
method”, introduced in [9] (see also [7]), and a theorem of Bennett [5] on
simultaneous approximations of algebraic numbers.

In the present paper, we consider the family of Thue inequalities

(2) lz* — e’y + (6¢ 4 2)x%y? + dexy® + y*| < 6 + 4.

The application of Tzanakis method for solving Thue equations of the
special type has several advantages (see [21, 8]). In this paper we will show
that some additional advantages appear when one deals with corresponding
Thue inequalities. Namely, the theory of continued fractions can be used in
order to determine small values of p for which the equation F'(x,y) = u has
a solution. In particular, we will use characterization in terms of continued
fractions of « of all fractions a/b satisfying the inequality

(see Proposition 1).
Our main result is the following theorem.

Theorem 1 Let ¢ > 4 be an integer. The only primitive solutions of the
Thue inequality

|2? — deay + (6¢ + 2)2y? + 4exy® + y'| < 6 + 4,

where ¢ > 4 is an integer, are (x,y) = (£1,0), (0,£1), (1,%1), (—1,£1),
(+1,72), (£2, +1).
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Let f(x,y) = 2" — 4cxdy + (6¢ + 2)x%y* + 4cxy® + y*. Since f(x,vy)
is homogeneous, it suffices to consider only primitive solutions of (2), i.e.
those with ged(z,y) = 1. Furthermore, f(a,b) = f(—a,—b) = f(b,—a) =
f(=b,a). Therefore, we may concentrate on finding all nonnegative solu-
tions, and it suffices to show that all nonnegative primitive solutions of (2)
are (z,y) = (1,0), (0,1), (1,1) and (2,1). Since f(1,0) = f(0,1) = 1,
f(1,1) =6¢c+4, f(2,1) = 25, we see that (1,0), (0,1), (1,1) and (2,1) are
indeed solutions of (2) for ¢ > 4.

It is trivial to check that for ¢ = 0 and ¢ = 1 all nonnegative solutions
of (2) are (1,0), (0,1) and (1,1). On the other hand, for ¢ = 2 we have

ot — 823y + 142%y? + 8x® + 9t = (2* — 4oy — y*)? < 16,

and therefore in this case our inequality has infinitely many solutions corre-
sponding to the equations f(z,y) =1 and f(x,y) = 16. These solutions are
given by (x,y) = (%F3n+3, %an) and (z,y) = (Fu4s, F,). Here F, denotes
the kth Fibonacci number.

For ¢ = 4 we have

|zt — 1623y + 262%y* 4 162y° + | = |(2? — 8zy — 3?)* — (6xy)?| < 28,

which clearly implies 122y < 29 and zy < 2. This proves Theorem 1 for
c=4.

It will be clear from our arguments that all nonnegative primitive so-
lutions of (2) for ¢ = 3 are (1,0), (0,1) and (1,1). The only reason why
Theorem 1 is not valid in this case, is that f(2,1) = 25 > 6¢ + 4 for ¢ = 3.

Therefore, from now on, we assume that ¢ > 3 and ¢ # 4.

2 An application of the method of Tzanakis
Consider the quartic Thue equation
(3) fla,y) = p,

f(z,y) = apx® + 4ay 2y + 6ax2®y* + dasxy® + auy* € Z[z,y], ao > 0.

We assign to this equation the cubic equation

(4) 4p° —gap — g3 =0



A family of quartic Thue inequalities 4

with roots opposite to those of the cubic resolvent of the quartic equation
f(xz,1) = 0. Here gy = agas — 4ajaz + 3a3 € 1—12Z,
Qo a1 Gz
=|a ay az | € —74.
g3 1 G2 as 139
Qo a3z Qg4

The Tzanakis method [21] can be applied if the cubic equation (4) has three
rational roots py, pa, p3 and

2
A az > max{py, p2, ps}-
Qo
Let H(x,y) and G(x,y) be the quartic and sextic covariants of f(x,y),
respectively (see [15, Chapter 25]). Then 4H® — g H f* — gsf = G*. If
we put H = 4i8H0, G = Q—IGGO, pi = én, i =1,2,3, then Hy,Gy € Zlx,y],
r, €4,1=1,2,3, and

(HO — 47“1f)(H0 — 47"2f) (HO — 4')"3f) = BG(Q)

There exist positive square-free integers ki, ko, k3 and quadratic forms Gy,
Gy, G € Z[z,y] such that

Hy —4rif = kG?, i=1,2,3
and kikoks(G1GoG3)? = 3G2. If (x,y) € Z x Z is a solution of (3), then
(5) I’CQG% — k?lG% = 4(7’1 — TQ)[L,
(6) kgG% — le% = 4(T1 — 7’3)/1,.

In this way, solving the Thue equation (3) reduces to solving the system of
Pellian equations (5) and (6) with one common unknown.
In [8], it is shown that the polynomial

f(z,y) = 2* — dea®y + (6¢ 4 2)x%y? + dexy® + ¢
satisfies the above conditions. Let
U=a>+vy2, V=o?+azy—y? Z=—2>+4dzy+ >
Then solving the equation f(x,y) = u reduces, by the method of Tzanakis,
to solving the system of Pellian equations
(7) (2c 4+ 1)U? —2¢V? = p,
(8) (c—2)U?* —cZ*® = —2u.
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3 Continued fractions

In this section, we will consider the connections between solutions of the
equations (7), (8) and continued fraction expansion of the corresponding
quadratic irrationals.

The simple continued fraction expansion of a quadratic irrational o =
a+‘[ is periodic. This expansion can be obtained using the following algo-
rlthm Multiplying the numerator and the denominator by b, if necessary,
we may assume that b|(d — a?). Let so = a, ty = b and

(9) an = {%J’ Sntl = Gptp — Sn,  tpy1 = % forn >0
(see [16, Chapter 7.7]). If (s;,t;) = (sk, tx) for j < k, then

a = [CL(), ceey 1,05, ... 7ak—1]-

Applying this algorithm to quadratic irrationals

we find that

2%+1 . N
‘T _ 1,362 and 62:[1,c—2,2}.
C_

Assume that (U,V, Z) is a positive solution of the system (7) and (8).

Then % is a good rational approximation of chil. First of all, we have

7 =1, unless (U, V) = (2,1). Indeed, if V < U, then (2¢+ 1)(V +1)* —
2cV? < 6¢+4 implies that V < 1 and U < 2. Assuming that (U, V) # (2,1),
we find that

20+1_K 20+1 20+1
2c U 2
2cU? 2 '

Let 7;—” denotes the nth convergent of a. For any integer » > 0 we define

Pnyr = TPn+1 + DPn;s Gn,r = Tqn+1 + dn-
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If » = 0 then p,,, = py, and if r = a,42 then p,, = py42, and similarly for
qnr- If 1 <7 < a,4o — 1, then the fraction

pn,r o T'Pn+1 +pn

dn,r rqn+1 + dn

is called an intermediate convergent of a = lag, ay, . . .].

Lemma 1 If p, q are nonzero integers, q > 0, satisfying the inequality

1

\O‘—Z’<qz7

then g is a convergent or an intermediate convergent of a. More precisely,

P _ Pnr

q  Gnyr

withr =0, orr =1, orr = a,.s — 1.
PROOF. See [11] or [12, Theorem 1.10]. n

Proposition 1 Let o be an irrational number. If a, b are nonzero integers,
b > 2, satisfying the inequality

a 2
a _ pn Pn+1 £ P 2pnt1 £ Pn 3Pn+1 + Dn Pn+1 T 2py
then — = —, or , or , or , or ,
b qn qn+1 + qn 2Qn+1 + qn 3Qn+1 + qn Gn+1 =+ 2%1
r M, for an integer n > 0.
Gn+1 — ?’Qn

PROOF. Assume that o > ¢, the other case is completely analogous.

w a o . : wi i
Furthermore, we may assume that 3 is irreducible, since otherwise the re

<& <

. ’ . / P
duced fraction % = ¢ satisfies |« — & L and therefore it is equal
b b 22>

b/
to a convergent of a.
Let us first determine which intermediate convergents py, /¢, can sat-
isfy the inequality (10). Following [11, proof of Theorem 5|, we have
_ 2
Gy

< ’a . Pn,r

N Qn,r

Qpy2 — T o ‘pn+2 Pnr

Qn,TQHJrQ Qn+2 Qn,r
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Hence
Gnr(Qnr2 = 7) < 2qni2 = 2(any2 = 7)Gnt1 + 2qnr,
and from
(ant2 = 1) (Gnr — 2Gni1) < 2qny
it follows
1 I gnyr 1 1 S 1 1
an—|—2 -T 2 Qn,r B 2 r+ qn/Qn—i-l B 2 T’.
Therefore, we obtain the following quadratic inequality
(11) r? — Tpto + 20542 > 0.
Assume now that a,,o > 8. Then (11) implies
Pt Unyo — \/@hyg — 8apia) < ! nto — (Gn2 — 8)) =4,
2 2

or

r> ;(amg +/a2, — 8an+2) > ;(Gn+2 + (Apso — 8)) = Qpio — 4.

Hence, we proved that if a,, o > 8, thenr € {1,2,3,ap10—1,ap12—2, ap12—
3}. However, this statement is trivially satisfied if a,,2 < 7. Therefore,

. . . . . . 2
we proved that if ¢ is an intermediate convergent satisfying |a — §| < 3,

then & = 2otifPn for o — 19 3 or & = @n2=SPunifin _ pas2—sPan fo,

b Tqn+1+3qn

s=1,23.

b (ant+2—S)Gn+1+qn  Gnit2—Sqnt1
Assume now that 7 is neither a convergent nor an intermediate conver-
gent. Then there exist two successive (ordinary or intermediate) convergents

P/Q and P'/Q)’, such that

£<g<£/<a
Q b !
From
5 <lgil<h-il<7
bQ' — Q" b b b2’

it follows that
(12) b < 2Q .
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Since, P'(Q) — PQ’ = 1, we have
P P+ P 1 P+P P 1

I — d S
Q Q+Q QQ+Q) " Q+Q Q@ Q@+Qy
and this clearly implies that b > Q + Q.
Let

P rpas1 £

Q Tt Gn
Assume first that » > 0. Then Q" > ¢, + 2¢u411 > 2¢pe1 and b > Q + Q' =
2qn + (2r + 1) gni1 = 2Q" — a1 > %Q’ Therefore,
! 2 2 0.89
‘Oé - < =<

"Gy

By Lemma 1 and our assumption that r > 0, we conclude that

/
P _ Pn+2 or Pn+2 = Pn+1

Q' qn+2 dn+2 — Qn+1 ’

and the second possibility can occur only if a,,o > 3.
We will prove that

a_ P+F

b Q+Q"
Indeed, assume that a/b # (P + P')/(Q + Q). If § € (gig:,%), then
b>Q +(Q+ Q) >2Q', a contradiction. Therefore § € (g, gig;) and
(13) b>20+ Q.

From (12) and (13), we obtain 2Q < Q" and (r — 1)g,41 + ¢, < 0, a contra-
diction. Hence we have proved that a/b = (P + P')/(Q + @'), and since we
have two possibilities for P'/Q)’, we have also two possibilities for a/b:

a _ 2Dny2 — Pns1 or 2Pny2 — 3Pn41
b 2(]n+2 — Qn+1 2Qn-&-2 - 3Qn+l

We will check directly that the second possibility can be omitted. Namely,
if a/b = (2pnso — 3Pni1)/(2¢ns2 — 3qny1) satisfies (10), then

(14> P+2<&<P+2 p+1+

dn+2 2Qn+2 - 3QnJrl (2QTL+2 - SQn+1)2 ,
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and the direct computation shows that (14) is equivalent to 4¢, 12 < 9¢,41,
which implies a, 12 < 2, a contradiction.
Assume finally that » = 0. Then

Pn & Pl Thn

Q.
qn b Gn+1 + dn

qn+1+3(In
Pn/qn. Therefore there are exists an integer s > 2 such that

Note that the sequence (M) . is strictly decreasing and tends to
§2

PrirtPn @ _ Posat (s — Lpn
Gnt1+5G — b G+ (s —1)gn

Denote )
5 _ Prn+1 + (S B 1)pn 5 _ Prn+1 + SPn
L qn+1 + (8 - 1)Qn7 L qn+1 + SQn.
Then
Pn K <2 K <
— << —< < — <.
Gn L' — b L
From

1 a K 2
g B
bL —

b LT
it follows that b < 2L. Since KI' — K'L = 1, we have that if b # L', then
b> L+ L' > 2L, a contradiction.
Hence
g - Pn+1 + SPn

b dn+1 + Sn
for an integer s > 2. But then we have

pn+1+Pn_pn+1+Spn‘: s—1 >3—1
Gn+1 + dn dn+1 + SQn b(Qn-‘rl + Qn) b2

2 a
b7>\0‘—g)>\

Y

and s < 2. In that way, we have obtained the last possibility for a/b, namely
CL/b = (pn—I—l + 2pn)/(Qn+1 + 2Qn) | ]

4 From an inequality to the set of equations

We would like to apply Proposition 1 in order to determine all values of u,
|p| < 6¢+ 4 for which the equation

(2c+ 1DU? = 2cVZi=p
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has a solution. According to Proposition 1, all solution have the form V/U =
(rPrt1+upn)/(rgni1 +ugy,) for some integers r and u, where p,, /¢, is the nth
convergent of continued fraction expansion of % For the determination

of the corresponding p’s, we need the following lemma.

Lemma 2 Let af be a positive integer which is not a perfect square, and
let pn/q, denotes the nth convergent of continued fraction expansion of \/%

Let the sequences (s,,) and (t,) be defined by (9) for the quadratic irrational

@. Then

B
(180rgn 1 + ugn)® = Brpngs + upn)? = (=1)"(Wtni1 + 2rusny2 — 7°tn2).
PRrROOF. Since y/a/f is not rational, from

m _ (SnJrl + \/w)pn =+ thrlpnfl

ﬂ (Sn—l—l + V a/ﬁ)Qn + tn-l—lQn—l

it follows that

Sn+1Gn + tn+1Qn—1 = 6pn7

Sn+1Pn + tn+1pn71 = Qaqp.

By combining these two equalities, we find that

agy — Oph = (=1)"tn1,
ﬂpnpnfl — 0GpQn—1 = (_1)n5n+17

which clearly implies (15). n

2c+1
2c

2, according to Lemma 2, we have to consider only the fractions (rp,.1 +
upn)/(rgus1 + ugqy,) for n =0 and n = 1. By checking all possibilities, it is
now easy to prove the following result.

Since the period of continued fraction expansion of is equal to

Proposition 2 Let p be an integer such that |p| < 6¢ 4+ 4 and that the
equation
(2c+1)U? = 2¢V2 = p

has a solution in relatively prime integers U and V. Then

wed{l, —2¢,2c¢+1, —6c+ 1, 6¢+4}.
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Furthermore, all solutions of this equation in relatively prime positive in-
tegers are given by (U, V) = (qan,p2n) if p = 1; (U, V) = (g2n+1, P2n+1)
if w = —2¢; (U, V) = (gan+1 + @2nsP2ns1 + Don) if p = 2¢+1; (UV) =
(@2n+1 = G2n, P2ns1 — P2n) 07 (3G2n+1 + Gony 3P2nt1 +D2n) if 1 = —6c+1; while
all primitive solutions of the equation

(16) (2c+ 1)U? — 2¢V? = 6¢ + 4
are given by

(U, V) = (¢2n+1+2G2n, P2nt1+2DP2n) O (2¢2n — Gon—1, 2P2n —P2n—1), 1 > 0.

Here p,/q, denotes the nth convergent of continued fraction expansion of
\/% and (p-1,9-1) = (1,0).

Note that, by the convention (p_1,q-1) = (1,0), the solution (U,V) =
(2,1) (which is the only solution of (16) not satisfying the inequality (10))
is also included in Proposition 2.

Now we will discuss the solvability in relatively prime integers of the
system of equations

(17) (2¢c + 1)U? —2cV? = p,
(18) (c—2)U? —cZ* = -2y,

where p is one of the admissible values from Proposition 2. As we mentioned
in Introduction, the case yu = 1 was completely solved in [8].

We will need the recursive relations for the convergents with odd and
even subscripts. From

Gon = 2Gon—1 + Qon—2,
Qon+1 = 4cqon + Qon—1,

it follows easily

Gn = Bc+2)gan—2 — G2n—a,
Gnt1 = B¢+ 2)gan—1 — G2n—3,

and the analogous relations are valid for ps, and pa,1.
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Assume now that for yu = —2c¢ the system (17) and (18) has a solution
(U,V,Z). Then, by Proposition 2, we have U = ¢9,11 for an integer n > 0.
Since ¢; = 4c and ¢35 = 32¢% 4 8¢, we have U = 4cU;. Hence Z = 27, and
the equation (18) becomes

(19) 73 —4c(c —2UE = —1.
However, the equation (19) is clearly impossible modulo 4.

Let p = 2c+ 1. Then (17) implies V' = popy1 + pon. Since py + py =
2(2¢+ 1) and ps + ps = 4(2¢ + 1)(4c + 1), we have V = 2(2¢ + 1)V;. By
inserting this in the system (17) and (18), we obtain

7% —8(c—2)(2c+1)V?2 =5,
which is impossible modulo 8.

Let p = —6¢+ 1. Since ay = 1 and a; = 0 (mod ¢) if k is odd and
ap = 2 if k > 2 is even, it is straightforward to check that, for k > 1, ¢, = 1
or 0 (mod c¢) according as k is even or odd, respectively.

Then (17) implies U = gony1 — Gon Or U = 3q2n11 + Gon. Since ¢ — qo =
3—q=—1 (modc)and 3¢1+qo=3¢3+ ¢ =1 (mod ¢), we conclude
that [U| =1 (mod ¢). Let (U, Z) be a solution of (18) in positive integers.
Consider all pairs of integers (U*, Z*) of the form

U'Ve—24Z"/c= (U\/c—2—|—Z\/E)(c—1+\/c(c—2)>n, n e Z.

It is clear that U* > 0. Let (Up, Zy) be the pair with minimal U*. Then
(¢ — 1)Uy — ¢|Zy| > Uy, which implies
c(6c—1)

2 R
(20) Ug <

On the other hand, [Up] = |U| =1 (mod ¢). We have also |Up| > /1252 >
1. Hence |Uy| > ¢+ 1, which contradicts (20) if ¢ > 7. For ¢ = 3,5,6 we
have only one possibility for |Uy| (7,6,7, resp.), and it does not lead to a
solution of (18). Hence, we have proved that for y = —6¢ + 1 the system

(17) and (18) has no solution.

It remains to consider the case 1 = 6¢ + 4, and this will be done in the
next section.
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5 The case yu=6¢c+4
Let us consider the system of Pellian equations

(21) (2c + 1)U? — 2¢V? = 6c + 4,
(22) (c—2)U? —cZ? = —12¢— 8.

By Proposition 2, the equation (21) implies U = go 41 + 2¢on OT 2qo, —
Gon—1. In the other words, there exist an integer m > 0 such that U = v,
or U = v],, where the sequences (v,,) and (v/,) are defined by

(23) vo=2, v =12c+2, Upi2 = (8c+2)vmi1 — Um,
(24) vy =2, vi=4c+2, v,.,=08c+2)uv,,, v

m*

From the recurrences (23) and (24), it follows v,, = v/, =2 (mod 4c) for
all m > 0.
Let (U, Z) be a solution of (22) in positive integers. Consider all pairs

of integers (U*, Z*) of the form

UNe—2+Z"c= (U\/c—2—|—Z\/E)(c—1+\/c(c—2)>n, n e Z.

We have Z* > 0. Let (Uy, Zy) be the pair with minimal Z*. Then (¢ —
1)Zy — (¢ — 2)|Uy| > Zy, which implies UZ < 6¢ + 4.

From |Up| = |U| (mod ¢) and U = v,, or U = v, for an integer m > 0,
we find that |Up] = 2 (mod ¢). Since v6c+4 < ¢+ 2 for ¢ > 3, we
conclude that |Up| = 2. Then Z; = 4. Hence, there exist an integer n > 0
such that U = w,, or U = w/,, where the sequences (w,) and (w/,) are defined
by

(25) wo =2, wy;=6C—2, Wyo=(2¢—2)wps1 — Wy,

(26) wy=—2, wy=2c+2, w,,=(2c—2)w, ;—w,.

We have proved the following result.

Lemma 3 Let (U,V, Z) be positive integer solution of the system of Pellian
equations (21) and (22). Then there exist nonnegative integers m and n
such that

U=v,=w,, or U=v,=w, or U=v, =w,, or U=1v =uw,.

n’
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We will show that v,, = w, implies m = n = 0, v/, = w, implies
m = n = 0, while the equations v,, = w;, and v/, = w/, have no solution.
This result would imply that the only solution in positive integers of the
system (21) and (22) is (U,V, Z) = (2,1,4).

Solving recurrences (23), (24), (25) and (26) we find

U = 2\/207{(2\/20—1— +v20)(4c+ 1+42y/2¢(2c+ 1))

(27) + (2V2c+1—V20) (4 +1 - 2y/2¢(2c + 1)),
T 2\/2Ci[(2\/204r — V20)(4c+1+2¢/2c(2c+ 1))
(28) + (2V2c+ T+ V20) (4 +1-2y/2¢(2c + 1)) "],

wn = 5 AmgleVe =2+ A= 1+ ole—2)'
(29) — (~2Ve—2+4V0)(c— 1= \Je(c—2))"].
(30) — @Ve—2+4ve)(c—1- C(C_z)ﬂ'

6 Congruence relations
The following lemma can be proved easily by induction.

Lemma 4 Let the sequences (vy,), (v,), (wy,) and (w),) be defined by (23),

m

(24), (25) and (26). Then for all m,n > 0 we have

(31) Uy = 2+ 4m(2m + 1)e (mod 32¢%),

(32) v = 2+ 4m(2m — 1)c (mod 32¢?),

(33) w, = (—1)”(2 —2n(n + 2)0) (mod 4c?),
(34) w, = (—1)"! (2 —2n(n — 2)0) (mod 4c?).

Suppose that m and n are positive integers such that v,, = w,. Then,
of course, v,, = w, (mod 4c?). By Lemma 4, we have (—1)" =1 (mod 2c)
and therefore n is even.
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Assume that (n +1)> < 2¢. Then n(n +2) < 2¢. By (27) and (29),

Un = wy, implies m < n, hence 2m(2m + 1) < 2n(2n+1) <4(n+1)? < Eec.

It follows that n(n + 2) +2m(2m +1) < 2c+ £ ¢ = 2c. Lemma 4 implies
(35) 2m(2m +1) = —n(n +2) (mod 2¢).

Consider the positive integer
A=2m(2m+1)+n(n+2).

If n # 0 then we have 0 < A < 2¢ and, by (35), A = 0 (mod 2¢), a
contradiction.

Hence (n + 1)? > 0.4 ¢, which implies n > v/0.4¢ — 1.

The same argument can be applied on the equations v, = w,,, v
and v/, = w],. Therefore we have

/

m:wn

Proposition 3 If v,, = w,, or v, = w.,, or v,

n # 0, thenn > +0.4c— 1.

= wy, or v, = w,, with

7 An application of a theorem of Bennett

Solutions of the system (21) and (22) induce good rational approximations
to quadratic irrationals

% 11 5
0= |22 and 6y = /=2
2c c

More precisely, we have

Lemma 5 All positive integer solutions (U, V,Z) of the system of Pellian
equations (21) and (22) satisfy

0 — —| < 2'U_2,

N S <

< 13-U2.

b+
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PrROOF. The first statement of the lemma has already proved in Section
3. For the second statement, we have

0 7 c—2 72 c—2+Z
Ul | e U2 c U
12c+8 1 6c -+ 4

= <13-U.
U2 c—2 U2, /e(c — 2)

]

The numbers 6; and 6y are square roots of rationals which are very

close to 1. The first effective results on simultaneous approximation of such

numbers were given by Baker in [1]. We will use the following theorem of
Bennett [5, Theorem 3.2].

Theorem 2 Ifa;, p;, ¢ and N are integers for 0 < i < 2, with ag < a; < as,
a; =0 for some 0 < j <2, q nonzero and N > M?®, where

M = max {|ail},
then we have
ma {l a% > (130N~) g
where
N1 log(33N~)
log (1.71\72 [o<icj<alai — aﬂ'>_2>
and

2a2—ag—a1
(a3—a0)? (a1 —a0)?
a1+az2—2ag

2 .
(az—ag)*(az—a1)* if ap —ay > a1 — ag,

’y_ .
if ag —ap < a; — ag.

We apply Theorem 2 with ag = —4, a; =0, a3 = 1, N = 2¢, M = 4,
q=U,po=2,p1 =U, po=V. If ¢ > 131073, then the Condltlon N > M9
is satisfied and we obtain

4
(36) (130 - 2c - 80) W <13.U72.

If ¢ > 172550 then 2 — A > 0 and (36) implies

log (150223 ¢)

1
(37) ogU < 5y
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Furthermore,
I 1 log(0.017¢?)
2\ log(*5%%¢)  ~ 1og(0.00000579c¢)
R og( c)

On the other hand, from (29) we find that for n # 0
wy, > w, > (c—l—i—\/my > (2¢ — 3)",
and Proposition 3 implies that if (m,n) # (0,0), then
(38) log U > nlog(2¢ — 3) > (v0.4c — 1) log(2¢ — 3) .
Combining (37) and (38) we obtain

log(150223 ¢) log(0.017 ¢?)
39 V0de—1 <
(39) ¢ log(2¢ — 3) 1og(0.00000579 c)

and (39) yields to a contradiction if ¢ > 197798. Therefore we proved
Proposition 4 If ¢ is an integer such that ¢ > 197798, then the only so-
lution of the equations v, = w, and v,, = w, is (m,n) = (0,0), and the
equations v, = w,, and v, = w!, have no solution.

8 The Baker-Davenport reduction method

In this section we will apply so called Baker-Davenport reduction method
in order to solve the system (21) and (22) for 3 < ¢ < 197797.

Lemma 6 If v, = w,, or v, = w,, orv,, = w,, orv, =w,, withm #0,

then
0 < nlog (c— 1+ /e(e— 2)) — mlog <4c+ 14+ 24/2¢(2¢ + 1))

vV 2C+ 1(4\/E+ 261\/0— 2) —2m
+ lo <50 (4dec+ 14 2¢/2c(2¢+ 1 )
g\/C—2(2\/26+1+62\/20) ( ( ))

where €1,€ € {41, —1}.
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PrROOF. Let us define

2T F T+ e/2 m
p = Vet +€2‘/_0(4(:+1+2,/2c(2c+1)) ,

V2c+1
A/c+ 2e1/c =2 n
Q = N (c—1+\/c(c—2)) :
From (27) and (29) it follows that the relation v,, = w, implies
6c + 4 12¢+ 8
P+pt. =Q-Q"
* 2c+1 ©-d c—2

It is clear that ) > P. Furthermore,

Q—-PrP 1(6C+4P_1 12¢ + 38

Q _é 2c+1 c—2

Since m,n > 1, we have P > 8¢+ 1 > 25 and % < 0.0768. Thus we may
apply [18, Lemma B.2], and we obtain

_2(60—1—4 12¢ + 8

1
<P
@ ) 2c+1 c—2

) < 48P 2.

Q Q-r 2 2
0 < log?——log(1—7><1.041-48P < 50P
2¢ + 1)(2v2¢ + 1 + v/2¢)? “om
< 5. ZetDRV2e 1+ V20) (de+1+2/2c(2¢ + 1))

- (6c+4)2
(2¢+1)-9(2¢+1) —2m
< 50- Toe T 12 (4c+ 14 2y/2c(2c + 1))

< 50 (de+ 1+ 2/2¢(2c + 1)) "

|
Now we have everything ready for the application of the following theo-
rem of Baker and Wiistholz [4]:

Theorem 3 For a linear form A # 0 in logarithms of | algebraic numbers
a1, ..., ap with rational integer coefficients by, ..., b, we have

log A > —18(1 + D! (32d)2h/ () - - - B (o) log(21d) log B,

where B = max{|b|,...,|b|}, and where d is the degree of the number field
generated by aq, ..., q.
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Here 1
h/(a> = g max {h(O[), | log OZ|, 1} )

and h(a) denotes the standard logarithmic Weil height of a.
We will apply Theorem 3 to the form from Lemma 6. We have [ = 3,

B =n,
a; =c—14+/c(c—2), ag =4c+ 14 24/2¢(2¢+ 1),
V2¢+ 1(4y/c + 2e1v/c — 2)
az = :
ST Ve— 2(2v/2¢c 4+ 1+ 21/2c¢)
Since

(2¢+1) (4\/0(0 —2)+2¢(c— 2))
(c—2)(22c+ 1) + &2y/2¢(2c + 1))
we have d = 4.

Under the assumption that 3 < ¢ < 197797 we find that

3 =

1 1 1
h'(ay) = ilog a <3 log 2c, h' (o) = ilog g < 7.1373,

1
h(as) < log ((c=2)*(6e+4)*-3.0516 - 1.6844-4.5879-8.3117) < 14.4105.

We may assume that m > 2. Therefore

log (50(4e + 1+ 2y/2c(2¢ + 1)) ") < log (50 (8¢)>")

<log (50 (20)72™ - 47") < —2mlog(2c) .
Hence, Theorem 3 implies
15 1
2mlog(2c) < 3.822- 107 - 3 log(2c) - 7.3173 - 14.4105 - logn

and

(40)

< 1.0076 - 10'7.
logn

By Lemma 6, we have

nlog(c— 14 /c(c —2)) < mlog ((4c+ 1+ 2y/2c(2c + 1)) + 0.4056
< mlog ((4c+ 1+ 2y/2c(2¢ + 1)) - 1.2249)
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and

(41) " < 2.6269.
m

Combining (40) and (41), we obtain

< 2.6469 - 10'7
logn

which implies n < 1.162 - 10'.

We may reduce this large upper bound using a variant of the Baker-
Davenport reduction procedure [3]. The following lemma is a slight modifi-
cation of [9, Lemma 5 a)]:

Lemma 7 Assume that M is a positive integer. Let p/q be a convergent

of the continued fraction expansion of k such that ¢ > 10M and let ¢ =

lugll — M - ||kq||, where || - || denotes the distance from the nearest integer.
If ¢ > 0, then there is no solution of the inequality

O<n—mrk+pu<AB™

in integers m and n with

log(Ag/e) _ .
log B
We apply Lemma 7 with
_ logay _ logas . 50
~ logoy’ ~ logoy’ ~ logoy’

B=(dc+1+2/2(2c+1))" and M =1.162-10".

Note that for each c there are four possibilities for ag. If the first convergent
such that ¢ > 10M does not satisfy the condition € > 0, then we use the
next convergent.

We performed the reduction from Lemma 7 for 3 < ¢ < 197797, ¢ # 4.
In all cases the reduction gives new bound m < M,, where My < 8. The
next step of the reduction in all cases gives m < 1, which completes the
proof.

Therefore, we proved
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Proposition 5 If ¢ is an integer such that 3 < ¢ < 197797, then the only
solution of the equation v, = w, and v, = w, is (m,n) = (0,0), while the
equations v, = w,, and v, = w,, have no solutions.

Theorem 4 Let ¢ > 3 be an integer. All primitive solutions of the system
of Pellian equations

(2c + 1)U? — 2¢V? = 6+ 4,
(c—2)U? —cZ? = —12¢—38

are gwen by (U,V,Z) = (£2,£1, +4), with mized signs.

PRrROOF. Directly from Propositions 4 and 5. [

9 Proof of Theorem 1

Let (z,y) be a nonnegative primitive solution of the inequality (2), and let
U=2?+9*V=a?+ay—y? Z=—2*+4xy+y* Then (U,V,7) satisfies
the system (21) and (22) for some integer p such that |u| < 6¢ + 4.

Assume first that U and V' are relatively prime. Then Proposition 2
implies that =1 or 4 = 6¢ + 4. The case u = 1 was completely solved in
[8]. It was proved that all solutions of the system (21) and (22) for u = 1 are
(U,V,Z) = (£1,£1, £1), which corresponds to the solutions (z,y) = (1,0)
and (z,y) = (0,1) of (2).

By Theorem 4, all primitive solutions of the system (21) and ( 22) for
= 6¢c+4are (UV,Z)=(£2,£1,44), which corresponds to the solution
(2.9) = (1,1) of (2).

Assume now that d = ged(U, V) > 1. Let U = dU;, V = dVj. Then Uy
and V; are relatively prime and satisfy

(2 + 1)U2 — 26V2 = %.

Since |p/d?| < (6¢ 4 4)/4 < 2¢, Proposition 2 implies that p/d* = 1, i.e.
i = d?. From

4V? + 7% = 5U?
it follows that d|Z, say Z = dZ;. In that way, we have obtained the triple
(Uy, Vi, Zy) satistying (2c+ 1)U —2cVE =1, (c—2)UE — cZ? = —2. By [§],
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this means that (Uy, Vi, Z7) = (£1,£1,+1) and (U,V, Z) = (&d, +d, +d).
Therefore, we have

(42) 2 +y? = d,
(43) w? + oy —y* = +d,
(44) —2® +day +y° = +d.

Since we assumed that z and y are positive, we have + signs in (43) and
(44). Then (42) and (43) imply zy = 2y? and, since x and y are relatively
prime, (z,y) = (2, 1). u

Acknowledgements. The authors would like to thank the referee for
valuable comments and suggestions.

Note added in proof: The statement of Proposition 1 has been proved
previously in the paper R. T. Worley, Estimating |« —p/q|, J. Austral. Math.
Soc. 31 (1981), 202-206.
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