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Abstract

A set of m positive integers is called a Diophantine m-tuple if the product of
its any two distinct elements increased by 1 is a perfect square. We prove that
if {a,b,c} is a Diophantine triple such that b > 4a and ¢ > max{b'3,10?°} or ¢ >
max{b®, 101929} then there is unique positive integer d such that d > ¢ and {a, b, ¢, d}
is a Diophantine quadruple. Furthermore, we prove that there does not exist a
Diophantine 9-tuple and that there are only finitely many Diophantine 8-tuples.

1 Introduction

A set of m positive integers {a1, ag,...,an} is called a Diophantine m-tuple if a; - aj + 1
is a perfect square for all 1 < ¢ < 57 < m. The problem of construction of such sets was
studied already by Diophantus who found a set of four positive rationals with the above
property. However, the first Diophantine quadruple, {1, 3,8,120}, was found by Fermat
(see [6]).

A famous conjecture is that there does not exist a Diophantine quintuple. There
is even a stronger version of this conjecture, namely that if we fix a Diophantine triple
{a,b,c}, then there is unique positive integer d such that d > max{a, b, c} and {a,b, ¢, d}
is a Diophantine quadruple. More precisely, let {a, b, ¢} be a Diophantine triple. It follows
that there exist positive integers r, s, such that

ab+1=7% ac+1=35% be+1=t% (1)

Then it is easy to verify (see [1]) that for the positive integer d defined by

d=a+ b+ c+ 2abc + 2rst

9Mathematics Subject Classification (2000): Primary 11D09, 11D25, 11D48; Secondary 11B37,
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we have:
ad+1=(at+17s)%, bd+1=(bs+7rt)?, cd+1= (cr+ st)

Conjecture 1 If {a,b,c,d} is a Diophantine quadruple and d > max{a,b,c}, then d =
a+ b+ c+ 2abc + 2rst.

The first important result concerning this conjecture was proved in 1969 by Baker
and Davenport [3] when they proved, answering a question of van Lint [16], Conjecture
1 for the Diophantine triple {1,3,8}. Later, Conjecture 1 was proved for certain other
triples [21, 15] and for some parametric families of triples [7, 8, 10].

Since the number of integer points on an elliptic curve

y* = (ax + 1)(bx + 1)(cz + 1) (2)

is finite, it follows that there does not exist an infinite set of positive integers with the
property of Diophantus. However, bounds for the size [2, 12] and for the number [19] of
solutions of (2) depend on parameters a,b,c and accordingly they do not immediately
yield an absolute bound for the size of such set.

In the present paper we will prove Conjecture 1 for a large class of Diophantine triples,
namely for triples satisfying some gap conditions like b > 4a, ¢ > max{b'3,102°}. This
result will allow us to give an absolute bound for the size of Diophantine m-tuples.

Theorem 1 There does not exist a Diophantine 9-tuple.
Theorem 2 There are only finitely many Diophantine 8-tuples.

In the first part of the paper we follow the strategy from our papers [7, 8] and
specially from the joint paper with A. Pethd [10]. We first transform the problem into
solving systems of simultaneous Pellian equations, and this reduces to finding intersection
of binary recursive sequences. We find necessary solvability conditions on initial terms
of these sequences and using some congruence relations we obtain some lower bounds for
the solutions. These lower bounds are compared with upper bounds which follow from
a theorem of Bennett [5] on simultaneous approximations of algebraic numbers and a
theorem of Baker and Wiistholz [4] on linear forms in logarithms of algebraic numbers.
These comparisons actually complete the proof of Conjecture 1 for triples satisfying
some technical gap conditions. In the final step, we deduce Theorems 1 and 2 combining
previous results with some gap principles.

2 Systems of Pellian equations

Let {a,b,c}, where 0 < a < b < ¢, be a Diophantine triple and let the positive integers
r,s,t be defined by
ab+1=71% ac+1=s% be+1=1t%
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In this paper, the symbols r, s,t will always have this meaning. Assume that d > c is a
positive integer such that {a, b, c,d} is a Diophantine quadruple. We have

ad+1=2? bd+1=1vy% cd+1=2> (3)

with positive integers x,y, z. Eliminating d from (3) we obtain the following system of
Pellian equations

az? —cx® = a—c, (4)
bz? —cy? = b—c. (5)

We will now describe the sets of solutions of equations (4) and (5). We will follow
arguments of Nagell [18, Theorem 108a]. Observe that s++/ac and t++/bc are non-trivial
units of norm 1 in the number rings Z[\/ac] and Z[v/bc], respectively.

@ @ G 0)

Lemma 1 There exist positive integers ig, jo and integers zy’, xy , 2y, yl , 1 =
1,...,40, 7 =1,..., o, with the following properties:
(i) (zo ,xol)) and (z§j),y§j)) are solutions of (4) and (5), respectively.

(ii) Zo , 330)7 z%j), y%j) satisfy the following inequalities

e 0

g feema) _ [oe

1§!z§j)|§\/(t_1;éc_b)<,/;‘\/[§<§. (9)

(iii) If (z,x) and (z,y) are positive integer solutions of (4) and (5) respectively, then
there exist i € {1,...,i0}, j € {1,...,70} and integers m,n > 0 such that

wa+a/e = (2Va+20E) (s + Vao)n, (10)
Vh+yve = Vo + Vet + Voo (11)
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Proof. Tt is clear that it suffices to prove the statement of the lemma for equation (4).
Let (z,x) be a solution of (4) in positive integers. Consider all pairs (z*,z*) of integers
of the form

Z*Va+ x*e = (zv/a+ x/e)(s+ Vac)", meZ.

It is clear that (z*,2*) satisfies (4) and that z* is a positive integer. Among all pairs
(z*,x*), we choose a pair with the property that z* is minimal, and we denote that pair
by (20, x0). Define integers 2z’ and 2’ by

Z'Va+a'Ve = (z0v/a+ x0Vc)(s — evac),

where e = 1 if z9p > 0, and € = —1 if zp < 0. From the minimality of x¢ we conclude that
x' = sxg — eazg > xo and this leads to alzg| < (s — 1)zg. Squaring this inequality we
obtain

acxd + ala — ¢) < (ac+ 2 — 2s)x?

and finally

Now we have

_ (s—1)(c—a) ' (12)

1 1
2 2
— <
25 = —(cxg +a —c) a ( 5

Note that ¢ > 1, b > 3 and ¢ > 8. Hence, we have proved that there exists a solution
(z0,20) of (4) which satisfies (6) and (7) (and accordingly belongs to a finite set of
solutions) and an integer m € Z such that

zVa+ e = (2va+zoVe)(s + vac)™.

It remains to show that m > 0. Suppose that m < 0. Then (s 4+ y/ac)™ = a — (/ac,
where «, (3 are positive integers satisfying a® — ac3? = 1. We have z = azy — Bcxg and
from the condition z > 0 we obtain 23 > 3%c(c — a) > c(c — a) which clearly contradicts
(12). [ ]

From (10) we conclude that z = ¥ for some index i and integer m > 0, where

S I

and from (11) we conclude that z = w for some index J and integer n > 0, where

wy ' = zl' ) ng) = tzij) + cy%j), wff;)ﬂ = 2tw£ﬁrl —w) (14)

n
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3 Congruence relations
The following lemma follows easily from (13) and (14) by induction.

Lemma 2
véi) — Z[()i) (mod 2¢), ’Ugv)rH = sz(()i) + cmg) (mod 2c¢),

wéfl) =, (mod 2c¢), w§2+1 = tzgj) + cygj) (mod 2c¢).

Lemma 3 ' . . '
1) If the equation vél) = wéjn) has a solution, then z(gl) =20,
/)

(4)

2) If the equation véi?m = wéjn) has a solution, then z; -zy (@) _

< 0 and cx s\zoi)| =
\z§])|. In particular, if b > 4a and ¢ > 100a, then this equation has no solution.

g,?@ = wézl)ﬂ has a solution, then z(()i) -z%j) <0 and cygj) —t\z§j)| =

3) If the equation v
Bt
4) If the equation véﬁlﬂ = wé{fﬂ has a solution, then Z(()i).z
54,0
cYr 2177

U > 0 and ca;(()i)—s\zoi)] =

Proof.
1) From Lemmas 1 and 2 we have |Z(()Z) — z§])| < c and z(()l) = zgj) (mod 2¢), which
implies zél) = zij ),

2) Observe that

2 (9)y2 2 2

; ; c®—ac—(zy) =5
C.I'g) o 8’201)| = @ 8) T <c,

cxy’ + 8|z | cTs

and since ¢ > 4a (see Lemma 14 below) we have also ¢? — ac — (z(()i))2 > 1c2 > 0. Hence,

0< C:E(()i) - s|zéi)| <ec.

By Lemma 2 we have széi) + ca:(()i) = z%j ) (mod 2¢). Thus we conclude that if z(()i) > 0,
(4) (i) (i) (1)

then 2"/ = sz;’ — cxy’, and if 2’ < 0, then zgj) = sz(()i) + cx(()i).
Assume now that b > 4a and ¢ > 100a. Then
, 2
A —ac— (z(()l))2 > 2 € _ cve > 0.94¢2,

© 100 2ya —

, : , 1
c:v((f) + 5|z[()z)| < 2036(()7’) < 2cﬁ < 1.5¢v/ac.
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Thus, cxéi) — s\z(()i)\ > 0.62,/6—\/‘/;. On the other hand, |2\ < ,/;—\\/fg < 0.5\/%.
3) Asin 2), we find that

0< cy%j) —t\zgj)] <c,

which implies that if z%j) > 0, then z(()i) = tzgj) - cygj), and if z%j) < 0, then z(()i) =
tzy) + cy%ﬂ).
4) We have already proved that

0< c:cgi) - s\z(()i)! <e¢ 0< ny) - t’zgj)‘ <c

From Lemma 2 we have
sz(()i) + ca;g) = tz%j) + cyﬁj) (mod 2c¢).

Hence, we have two possibilities: if z((]i) > 0, z%j ) > 0, then sz(()i) — ca:éi) = tz%j ) cygj ),
and if z[()l) <0, zgj) < 0, then sz(()l) + ca:(()l) = tzij) + Cygj)' u

In the following lemma we will consider the sequences (v(® mod 4¢?) and
(w) mod 4c?). We will omit the superscripts (i) and (j) and we will continue to do so.

Lemma 4
1) wvom = 20 + 2c(azom? + sxom) (mod 8c?)

2) Vamt1 = 820 + c[2aszom(m + 1) + 29(2m + 1)] (mod 4c?)

3) wo, = 21 + 2¢(bzyn? +ty1n) (mod 8c?)

4) wopt1 = tz1 + c2btzin(n+ 1) + y1(2n + 1)] (mod 4c?)

Proof. We give the proof of 1). The proofs of 2), 3) and 4) are completely analogous.

We prove 1) by induction. We have vy = zp and va = z9+2c(azo+ sxp). Assume that the
assertion is valid for m — 1 and m. The sequence (vy,,) satisfies the recurrence relation

VIm+2 = 2(2ac + 1)02m — Vom—2 -
Hence,

Vamio = daczy 4 220 + 4e(azom? + szom) — zg — 2clazo(m — 1)? 4 szo(m — 1)]
20 + 2¢[azo(m + 1)? + szo(m 4+ 1)] (mod 8c?).
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4 Linear forms in logarithms

Solving recurrences (13) and (14) we obtain

Um = Q\f[(zoxf-i-ﬂﬁof)(s‘f‘\/») + (20va — ov/e) (s — Vac)™], (15)
wn = ola Vi A+ VB + (VB -y - V. (19

Using the standard techniques (see [3, 11]) we will transform the equation v, = wy,
into an inequality for linear form in three logarithms of algebraic numbers.

Lemma 5 Assume that ¢ > 4b. If vy, = w, and m,n # 0, then

0 < mlog(s + vac) — nlog(t + Vbe) + log Vbove + 20v/a) < ac(s + Vac)™?

Va(yiv/e+ z1vb)
Proof. Put
P = (vt zoV@)(s +va)™ Q= (Vb nve+ Vi,
Then

Pl \/&(x()\ﬁ - ZO\/a) (S _ \/&)m’ Q—l _ \/B(yl\/é — Zl\/g)

c—a c—b

(t — Vbe)".

Therefore, the relation v, = w, becomes P — ?P*I =Q — %bQ*I. Asm,n > 1, we
have

2\/c(c —a) Sefe 3 [c

P27($0\[ ’ZO|\/&)‘2\/(E:$0\/E+|ZQ|\/E>C\/5:§ E>17
2ile—t) _ Beve
y1f+\21|\f Q\f\/>
Thus from
P-Q= <f—1)P 1 (C 1)Q~ > (7—1)(13 —Q Y= (5—1)@ p)PiQt

it follows that P > ). Furthermore, we have P;PQ < (%)P*Q. Since P > % <, we
have %P*Z < % < %, and finally we obtain (see [20, Lemma B.2])

0<logg log(l—L]ﬂ>
2(c—a)

- — (zo\/E+$0\/5)2(8+\/&)72m
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But
2(c—a) a _ 2(20v/a - woxﬁ)2 2(|z0]va + 900\/) — §ac
a (z0v/a + x04/c)? c—a c—a %c 3
|
Lemma 6 Assume that b > 4a and ¢ > 100b. If v, = w, and n > 3, then m > n.
Proof. From Lemma 5 we have
m log(t +/be) log v
“log(s + vac)  nlog(s /ae)’
_ Vb(zoy/c+z01/a) : :
where v = et etavh)” Accordingly, it suffices to prove
log (Eiﬁ) log v 1
log(s + v/ac) nlog(s—l—f) n’
and this is equivalent to
(t + Vbe )n < ol
s ++/ac s++ac’
But
5y \f 1.45\/c¥/ac - 1.45\/cV/be 3/4
<2. 124( ) ,
s+ \/(7 Va-0.99c - 2 /ac a
and 5 5
t+ b 2v/b N
(L) s (20 ) 0.0 (2)
s+ +/ac 2.002+/ac
Thus our condition becomes (; 5)3/4 > 2.131 and this is clearly satisfied if b > 4. [

Lemma 7 Assume that ¢ > max{b®, 10'%°} or ¢ > max{b?,103°} or ¢ > max{b'3,102°}.
If v, = w, and n > 2, then m < %n

Proof. From Lemma 5 we obtain
m_ log(t + v/be) N log v N Bac(s + /ac)~*m
log(s ++/ac)  nlog(s+ /ac) nlog(s + v/ac)

We will estimate three summands on the right hand side of (17) separately and give
details only for the case ¢ > max{b°, 10%°}. We have

log(t+ vbo) | log(AVE) logy/t L
log(s + vac) " log(s + vao) = Tlogstvae) < 15

(17)
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Assume that n > 5. From
Y < Vb(wov/e + |z0lvVa) _ Vb(wov/e + |z0lVa) (y1ve + 1] vVD)
T Valyive —|z1|vb) Va(c—b)
Vb - 2y/c/ac - 2,/cVbe < (0657

<
- 0.9¢\/a
we obtain ) 0.657
BT« 220 £0.263.
nlog(s + ac) ~ 0.5n
Finally,
Sac(s + y/ac)=2m Sac

< 0.002.

<
nlog(s + v/ac) 5 - daclog(2+/ac)

If we combine these three estimates, we obtain the desired result. In the remaining cases
(n < 4), the above estimates give that if n =1, n =2, n =3, n =4 then m <2, m < 3,
m < 4, m < 6 respectively. [ |

5 Lower bounds for solutions

In this section we will apply congruence relations from Section 3 to obtain some lower
bounds for the indices m and n satisfying the equation v,, = w, with n # 0,1. This
method was introduced in our joint paper with A. Peth6 [10], and it was also used in
[9]. As Lemma 3 suggests, we will consider the equations vy, = wan, Vo = Wap4+1 and
Vom+1 = Wap+1 Separately.
Lemma 8 Assume that b > 4a.

1) If voy = wop, n # 0 and ¢ > max{b'3,10%°}, then m > n > 2086,

2)  If vam = wap, n # 0 and ¢ > max{b?, 10%°}, then m > n > 077,

3) If vam = won, n # 0 and ¢ > max{b®, 109}, then m > n > V048,

Proof. Lemmas 3 and 4 imply
azom? + szom = bzgn? + tyin (mod 4c). (18)

Let ¢ > max{b'?,10%°} and assume that n < "%, Then by Lemma 7 we have m < ¢%-09.
We will estimate all four summands in (18):

lazom?| < a /g\ﬁmQ < o3 11420095
a

1
S\/S; m < Vadedm < e,

IN

sxrom
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lbzon?| = |bzin?| < b /;7\/;712 < ¢T3 iTiT20086 ,

tyin < Vb3cdn < c.
These estimates imply that in (18) we can replace = by = :
azom? + szom = bzon? + tyi1n . (19)

The same arguments can be used if ¢ > max{b?, 103°}, n < *977 and if ¢ > max{b®, 10190},
n < 0048

Let us consider the case when |zp| = 1. Then z¢p = y; = 1 and (19) becomes
+am? 4+ sm = +bn? + tn.

But max{am, bn} < "2 < 0.001y/c. Hence, | £am?+sm| < 1.001sm and | £bn? +tn| >
0.999tn. Therefore,

m _ 0.999 ¢ 0.999 b
— > > 5 1/— >1.99,
n 1.001 s 1.001 a

which contradicts Lemma 7.
Thus we may assume that |29| > 1. Then z¢ > 2 and from azi = cz% — ¢ + a we
obtain that 23 > % This implies

2 2
0< ST g +ac—a < ac2<1
~ alz| alzo|(szo + alzo]) ~ 2a?z5 ~ 6
and ; 5 )
0 1< X <o
~ bz 26222 T 6b ~ 24

If 9 > 1, then by (19) we have azom(m + L) > bzon(n + 1) which for m > 2 implies
™ > 1.59 and for m = n = 1 gives b < 1.1a, which are both impossible.

If zy < —1, then by (19) we have a|zo|m(m — 1) > b|zg|n(n — 22) which for n > 3
implies 7> > 1.61, while for m = n = 2 gives b < 1.1a and for n = 2, m = 3 gives
b < 3.14a. The only remaining case is m = n = 1. However, in this case we have

|20/(b — a)(szo + ty1) :c(b—a)—i-y%—ac%. (20)

Since az? = by} — b+ a > %by%, we have x3 > 3y} and the right hand side of (20) is less
that c¢(b—a). It follows that |zg|(szo+1ty1) < ¢, which is impossible since |2g|(szo+ty1) >

,/%-2\/a0>c. [ |
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Lemma 9 Assume that b > 4a.
1) If vo = wony1, n # 0 and ¢ > max{b'3,102°}, then m > n > 20765,

2)  If vom = Waps1, n # 0 and ¢ > max{b?, 100}, then m > n > 0062,
3) If vam = woni1, n # 0 and ¢ > max{b°, 101}, then m > n > 0923,
Proof. From Lemmas 3 and 4 we have

aszgm?® + sxom = bzgn(n + 1) + y1n’ (mod 2c), (21)

where n’ =nif zg >0and n' =n+1if 29 < 0.
Assume that ¢ > max{b'3,102°} and n < ®975, Then n +1 < 072 and m + 1 <
3(n+1) < 0861 As in the proof of Lemma 8, we have

lazom?| < ¢, szom < c,

|bzon(n +1)| < b@( +1)2< CTaTIH200TT2
yin’ < Vbe(n+1) <c

and also

Hence, we have an equality in (21):
aszom? + szom = bzogn(n + 1) + yin’,

and the same is true for ¢ > max{b?,103°}, n < %%2 and for ¢ > max{b°, 10},
n < 0023,

Note that |zp| = 1 is impossible since it implies
Gyt =122 4 2t + 1 =bezd + 28 + 222 +1

and
(z1 +1)? = c(cy? — b22 +b) = 2.

But z; = +c — t is impossible since | ¢ —t| > 4/ 2%
Therefore we have |z > ,/ and

1< < 0.001.

b\zol B bf \f

If 29 > 0, from (21) we obtain azom(m + §) > bzon(n +1). Form=2,n=1 we get
b < 3.17, and for m > 3 and n > 2 from m(m + g 1)y <1.39m2, n(n +1) > 0.96(n + 3)?
We obtain 2 7 > 1.66, which contradicts Lemma 7

If zp <0, from (21) we obtain azgm? > bzg(n + 1)(n — 0.001) which implies 23:74:1 >
1.88. [ |

sx0<z
-6

alzo|
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Lemma 10 Assume that b > 4a.
1) If vome1 = wony1, n # 0 and ¢ > max{b'3,102°}, then m > n > 00765,
2) If vams1 = Wans1, n # 0 and ¢ > max{b?,103°}, then m > n > 0062,

3) If vams1 = Want1, n # 0 and ¢ > max{b®, 10190} then m > n > 0%,
Proof. Since szg + cxg = tz1 £ cy1, Lemma 4 implies
aszom(m + 1) + zom’ = btzyn(n + 1) +y1n’ (mod 2c¢), (22)

where m' =m, n' =nif zo <0and m' =m+1, n' =n+1if zg > 0. Noticing that
tz1 = szp (mod ¢) and multiplying (22) by s or t, respectively, we obtain
azom(m + 1) + szom’ = bzon(n + 1) + sy1n’ (mod 2c), (23)
azym(m + 1) +tzom’ = bzin(n+ 1) + tyyn’ (mod 2c¢). (24)
Assume that ¢ > max{b'?,10°} and n < ¢®97. Then m + 1 < 3(n + 1) < 00861,
This implies that all summands in (23) and (24) are less than c. Thus we actually have
equalities in (23) and (24):
azom(m + 1) + szom’ = bzon(n + 1) + sy1n’ (mod 2c¢), (25)
azym(m + 1) + txgm’ = bzin(n+1) +ty1n’ (mod 2c). (26)
We come to the same conclusion if ¢ > max{b%, 103°}, n < c?92 and if ¢ > max{b®, 10190},
n < (0023
Suppose now that sz; # tzp. Then (25) and (26) imply
am(m+1) = bn(n+1), (27)
tm’ = sn’ (28)

2
and for n =1 we have m =1 and 7> =1 < 2.
Let us now consider the case sz; = tzp. It is clear that |z9| # 1 and |z1| # 1. Hence,

20| > 1/2, |21] > /3¢ and we have

If 29 > 0, from (25) we obtain azg(m + 1)(m + &) > bzo(n + 1)> which implies

2m—+1 m+1
il > mtl > 1.58.
1

If 29 < 0, we obtain azgm? > bzgn(n — ) which for m = n =1 gives g < 1.2 and for
n > 2 implies % > 1.91. But we have already seen that % < % = 1.875. [ ]
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6 Application of a theorem of Bennett

Now we will apply the following important and very useful result of Bennett [5].

Lemma 11 If a;, p;, ¢ and N are integers for 0 < i < 2, with ag < a1 < ag, a; = 0 for
some 0 < j <2, q nonzero and N > M?, where

M = max {|ail},

then we have

Dax, {’,/1 + % - % } > (130N~) "1
where
N1t log(33N~)
log (1.7N? [Ty j<a(a; — a;)~?)
and

2a2—ap—ai
(a2—ag)?(a1—ap)?

a2 (e )2
(o) (a2=ai)” it 4y — a1 > a1 — ap,
"}/ _=

a1+az—2ag

if ag — a1 < a1 — agp.

This is a result about simultaneous approximations of square roots of two rationals
which are very close to 1, and it improves a result from [17]. We will apply Lemma 11

to the numbers
t /b
01:8\/5 and 62:\/>.
aV c b\ c

o, = et e fiy Loy b
a’c ac abe
1 a
O = \/14+—=4/14+—,
2 +bc +abc

so that 61 and A, are indeed square roots of rationals which are close to 1. On the other
hand, we will see in the next lemma that every solution of our problem induce good
approximations of numbers #; and 6s.

Namely,

Lemma 12 All positive integer solutions x,y, z of the simultaneous Pellian equations

az? —ca? = a—c
b2 —cy? = b—c
satisfy
sbx tay c 5

<52

max(|6; — 50

@H 27 bz
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Proof.
‘s\/ﬁ 31)7:(:’ B I2/a — 2/ = s c-a s(c—a) L&
aVc abzl az\f azye za+xye T 2av/acz? T 2a

‘\/>_tay ot c—b <t(c—b)<£ -2
b\ c abzl  bzye Vb+yse  26vbe? 20

Corollary 1 Let {a,b,c,d}, a < b < ¢ < d be a Diophantine quadruple.
1) If ¢ > max{b'3,10%°}, then d < ¢*.
2) If ¢ > max{b?, 1030}, then d < c52.

Proof. We give details for the proof of 1). The proof of 2) is completely analogous.
Let ad +1 = 22, bd + 1 = 4%, cd +1 = 22. We will apply Lemma 11 with ag = 0,
ai =a, a3 = b, N =abc, M = b, ¢ = abz, py = sbx, po = tay. Since abc > b, the

" 9 . . . . _ b%(b—a)?
condition N > M" is satlsﬁed For the quantity v from Lemma 11 we obtain v = ~—5;—

if b > 2a, and v = &

if a < b < 2a. Considering v as a function of a, we get in both

a+b
cases that
b3 b
— << < —
6 Y
Furthermore, we have
log(33abcry)

A=1+ =2— ),

log(1.7¢2(b — a)~2)

where
1.7¢

log (33ab(b a)2'y)
log(1.7¢2(b — a)~2)

A=
Lemma 11 and Lemma 12 imply

¢ -1 A1—2
202 (130abey) ™" (abz) ™™=,
This implies

M < 65203 ¢y
and
log (65a%b3c%y) log (1.7¢2(b — a)~2)

17
log( TBabb—a)% )

log z < (29)
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We will estimate the right hand side of (29). We have

6502632y < 32.5a20%¢? < 32.505¢2 < 29,
L7 (b —a)™? < &,
1.7¢ 1.7¢

103¢b~T > (0412
33ab(b — a)?y ~ 165005 ~ 0-103cb™" > ¢

Putting these estimates together, we obtain

2.2.6911og? ¢

13.07logc.
0.412logc < 08¢

log z <
Hence,
2 < 613.07 (30)

and

7 The proof of the special case of Conjecture 1

Theorem 3 If{a,b,c,d} is a Diophantine quadruple such thatb > 4a, ¢ > max{b'3 102}
or ¢ > max{b?,10%°}, and d > ¢, then d = a + b + ¢ + 2abc + 2rst.

Proof. Let ad+1 =22 bd+ 1 =1y?, cd+ 1= 22. Then there exist integers m,n > 0
such that
Z = Uy = Wy, (31)

where the sequences (vy,) and (wy,) are defined by (13) and (14).
Assume that n > 1. Let ¢ > max{b'3,10%°}. Then Lemmas 8, 9 and 10 imply
n > 2975 On the other hand, since

c—b 0.45./c
yiVe — |z Vb = > > 3V,
e |al Vo + yive | Vbe

it follows from (16) that

z=wp > (t+Vbe)" > (be)"/? > 2.

Thus from (30) we conclude that n < 26. If we compare this with n > 2 - %075 we

obtain ¢ < 4 - 10, which is a contradiction. Similarly, for ¢ > max{b?, 103°} we obtain
n <62 and n > 2 - %962 which lead to ¢ < 2 - 1024, a contradiction.
Hence, we have n < 1. Let us consider three possible cases separately.
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1) m and n are even. It follows that m =n = 0. Then z = 29 < cand d = Z27_1 <c

2) m is even and n is odd. It follows that n = 1 and m = 0 or 2. If m = 0, then
z=zy<cand d < c. If m =2, then 2y < 0 and Lemma 3 implies

zo =tz1 — cy1 . (32)
Since vo = 29 + 2c(azp + sxp), v2 = wy implies
azp + sxo = yi - (33)

Combining the conditions (32) and (33) with a23 — cxd = a —c and bz} —cy? =b—c, we
obtain that
z1=8, y1=7r, zg=st—cr, xzo=1rs—at.

However,
2 —ac—bc—1 - 0.9¢2 - cy/e
cr + st 2¢cv/ ab 2\/& ’

|20 =

a contradiction.
3) m and n are odd. It follows that m =n = 1.
If 20 <0, then z = v = szg+cxg <cand d < c.
If zg > 0, then
szp — cxg = tz1 — ¢y, (34)

by Lemma 3. On the other hand, z = v; = wy implies
s20 + cxg = tz1 + cyy . (35)

Clearly, (34) and (35) imply 29 = y1 and sz = tz1. If we put this in azd — czd = a —c
and bz? — cy? = b — ¢, we obtain

(b—a)s® = (b2 — azd)s* = 22 (abc + b — abc — a) = 23 (b — a).
It implies that z; = s, 29 = t, xg = y1 = r. Hence, z = v; = st + ¢r and

21 bc? be+ 1+ 2rst +abc® + ¢ — 1
d:Z :ac—i—ac—i— ¢+ 14 2rst +abe” +c =a+ b+ c+ 2abc + 2rst.
C C

8 Some gap principles

As we have seen, the number d = a+ b+ c+ 2abc+ 2rst has the property that all numbers
ad+1,bd+1, cd+ 1 are perfect squares. Of course, the same is true also for the number
e =a+ b+ c+ 2abc — 2rst. The trivial observation that if e # 0, then e > 1 leads to the
very useful gap principle.
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Lemma 13 If {a,b,c} is a Diophantine triple and a < b < ¢, then ¢ = a + b+ 2r or
¢ > 4ab.

Proof. See [14], Lemma 4. ]

Lemma 14
1) If{a,b,c} is a Diophantine triple and a < b < ¢, then ¢ > 4a.
2) If{a,b,c,d} is a Diophantine quadruple and a < b < ¢ < d, then d > 4bc.

Proof.

1) From Lemma 13 we have ¢ > a + b+ 2r > 4a.

2) If we apply Lemma 13 to the triples {a,c,d} and {b,c,d} we obtain that d =
a+c+2sord>4ac, d= b+ c+ 2t or d > 4bc respectively. However,

at+c+2s<b4c+ 2t <4e<d4ac
implies that d > 4bc. [ ]

Lemma 15
1) If{a,b,c} is a Diophantine triple and a < b < 4a, then ¢ = ¢, or ¢ = ¢ for some
k > 0, where the sequences (cx) and ¢ are given by

c0=0, cr=a+b+2r, cgro=(4dab+2)cxr1 —cx+ 2(a+Db), (36)
co=0, cit=a+b—2r, Crio= (4ab + 2)Ek+1 —Ci + 2(@ +b). (37)

If b=a+2, then ¢x11 = ¢ for k > 0.

2) If cicj + 1 is a perfect square and 0 < i < j, then j =i+ 1 orj > 3i+2. If
¢icj + 1 is a perfect square and 1 < i < j, then j =i+ 1 or j > 3i.

Proof.
1) See [14], Theorem 8.
2) See [13], Theorem 3. |

Note that solving the recurrences (36) and (37) we obtain

Ck =

(Va+VB2(r+ Vab)™ + (Va— VB)2(r = Vab)* —a—b], (38

Ck =

1
Tab
e [(Va— VB + Vab + (Vat VB~ Vab* —a b (30)
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9 Proof of Theorem 1

Assume that {aj,as,...,a9} is a Diophantine 9-tuple and a; < az < -+ < ag. We will
consider two cases depending on whether as < 4a; or as > 4a;.
Let us first consider the case a2 > 4a;. Then by Lemma 14 we have the following
estimates
as > az, a4 > 4azas > 4a%, as > 4aqas > 42a§,

ag > 4asay > 44ag, a7 > 4agas > 47a§, ag > 4arag > 412a%3.

We will apply Theorem 3 to the quadruple {a;, as,ag,ag}. It is clear that the conditions
as > 4a1 and ag > aé?’ are satisfied. We must check the condition ag > 10%°. But
if az > 10, then ag > 4'2-10'3 > 10%°, and the only Diophantine pair {a,as} which
satisfies 4a; < az < 10 is the pair {1,8}. However, in this case ag > 1+ 8 4+ 6 = 15, and
we have ag > 42a8a3 > 10%.

Thus, the conditions of Theorem 3 are satisfied and we have the conclusion that

ag = aj + ag + ag + 2ajazas + 2\/(0,1@2 + 1)(ajag + 1)(azas + 1) .

This implies that ag < 2(a; + az + ag + 2ajaz2ag) < 4ag(ajaz + 1). On the other hand,
Lemma 14 implies that ag > 4agay, and we obtain a contradiction.

Let us consider now the case a2 < 4a;. In this case we will apply Lemma 15. Let
(ck) and (¢x) be the sequences defined in Lemma 15 with a = a; and b = as.
Assume that ag = ¢;. Then a3 > 4a; and a3 < 4as. Hence, we have

ag > 4'3a8a5 > 4'3a8a347° = 43413

If ag > 15, then 4%a33 > 102°. However, the only Diophantine triples {a1, as, a3} such
that a1 < ag < ag < 14 are {1, 3,8} and {2,4,12}. In [3] and [21] it is proved that these
triples cannot be extended to quintuples (these are special cases of the result from [7]).
Therefore, we may apply Theorem 3 to the triple {a1, a3, ag}. As before, we obtain that

ag < 4a8(a1a3 + 1) s

which is in contradiction with a9 > 4aga7 and a7 > 47aga§.
Hence, we may assume that ag > c¢;. It means that as > 4a1as. Lemma 15 implies
that one of the sets

{as,aq,...,;a0} N {c : k>2} and {as,a4,...,a9}N{c : k> 2}

has at least four elements. Denote that set by C’ and its elements by ¢}, < ¢}, <--- < c%j,
where c%i = ¢y, or ¢, Lemma 15 implies that ko = k1+1 or ky > 3k1, and also k3 = ko +1
or k3 > 3ko. However, k3 = ko + 1 is impossible since it implies C;CB < (4ajag + 2)622,

contradicting the estimate c%s > 4022 c§€1. Hence, we have ks > 3ko and kg > 3k3 > 9ks.
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If j > 5, then also k5 > 3ky > 27ko. Using formulas (38) and (39) it is easy to
check that ¢, > (c})®. It follows that ¢} > (¢},)*. Since ¢}, > 4aia, we have
Chy = 16a2a3 > aj and Chy = 10°°. Therefore we may apply Theorem 3 to the triple
{a1, ¢, ¢} As before, we conclude that there does not exist a positive integer d > ¢},
such that

{ala az, c;gl ) 6;62, 6237 62;47 0257 d}

is a Diophantine 8-tuple. It implies that j < 5. In particular, this finishes the proof in
the case as = a1 + 2, since in this case by Lemma 15 we have j = 7.

But if ag # a1 + 2, then as > 8 and 024 > (022)9 > 836 > 1030, Therefore we may
apply Theorem 3 to the triple {aq, cgﬂ,cﬁm}. After doing that, we conclude that j = 4
and ag = 0;64.

Let C" = {a3,a4,...,a9} \ C" = {c] , ¢, cl.}, where ¢ < ¢ < ¢ and ¢ = ¢,
or ¢,. As in the proof of k3 > 3ks, we see that we cannot have ky = ki + 1 and
lo = l1 + 1 simultaneously. It follows that k3 > 9k or I3 > 9l;. On the other hand, if

both inequalities k3 > 9k1 and l3 > 9I; are satisfied, then
ag = max{c},, .} > max{(czl)g, (62/1)9} > af > & > (16a2a3)? > a3° > 10%°

(we cannot have az = €2, ag = c2, because ¢y < 16a1a% and 4ésag > 16a1a%). Thus,

applying Theorem 3 to the triple {a1, a4, ag} contradicts the existence of ag. Hence, we
/ / /! /! : : 3

have ag = Chys @4 = Cp g OF A3 =Cp, Q4 = € 41, which implies

ag > a3 > 10%,

and an application of Theorem 3 leads to a contradiction as before. [ |

10 Application of a theorem of Baker and Wiistholz

We will now apply the theory of linear forms in logarithms of algebraic numbers. Namely,
we have already transformed the equation v,, = w, in Lemma 5 into the inequality for
a linear form in three logarithms of algebraic numbers. Thus, we have everything ready
for the application of the following famous result of Baker and Wiistholz [4].

Lemma 16 For a linear form A # 0 in logarithms of | algebraic numbers aq, . .., a; with
rational integer coefficients by, ...,b; we have

log A > —18(1 + 1)1 (32d)! 2K (1) - - - W (o) log(21d) log B,

where B = max(|b1],...,|b]), and where d is the degree of the number field generated by
af,...,00.
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Here 1
h/(Oé) = g max (h(a)a HOg Oé|, 1) )

and h(«) denotes the standard logarithmic Weil height of «.
We will apply Lemma 16 to the form

Vb(zov/e + 20\/a)
Vayiye+zvo)

A = mlog(s + vac) — nlog(t + Vbe) + log

We have [ =3, d =4, B=m,
a1 = s ++ac, ag =t + Ve,

_ Vb(zoye + 201/a)
Va(yive + z1vb) |

and under assumptions ¢ > 4b and m > 2 we obtain

1 1 1 1
h'(a1) = ilogal < §logc, b (a) = §loga2 < §logc,

1 b2c 16 4/ b3c? b 8 ./bdc
/ 2 2 4 4 4
W(as) < 7log|a*(c—0) 'W@sﬁ‘\/;sﬁ]

1 256 19,25 3
< Elog(Ta b=°c ) < 1.5loge,

8 1
log gac(s +Vac) ™M < —5m loge.
Hence,

1 1 1
imlogc < 3.822-10%. ilogo ilogc- 1.3751log c - logm

and

< 2.867-10% log?c. (40)
logm
Theorem 4 If{a,b,c,d} is a Diophantine quadruple such thatb > 4a, ¢ > max{b°, 101029}
and d > c, then d = a+ b+ c+ 2abc + 2rst.

Proof. We have already deduced in the proof of Theorem 3 that m < 1 and d > ¢
imply d = a + b + ¢ + 2abc + 2rst. Thus we may assume that m > 2. But we proved in
Lemmas 8, 9 and 10 that under the assumptions of the theorem it holds m > 2 - ¢%023,
If we put this in (40), we obtain

542108,
log®m

which implies m < 9.2 - 10?2 and finally ¢ < 101929, m
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11 Proof of Theorem 2

Let {ai,aq,...,as} be a Diophantine 8-tuple such that a; < ag < --- < ag. We have
a3 > 4aq1, and also from Lemma 14

as > as, as > 4a§, ag > 42a§, ary > 43a§.

If a3 > 103*3, then we may apply Theorem 4 to the triple {a1, a3, ay}. This gives that

ag = a1 + ag + a7 + 2a1aza7 + 2\/(a1a3 + 1)(a1a7 + 1)(azar + 1) < 4ar(ajas + 1),

which contradicts ag > 4arag.

Hence, we proved that there are only finitely many triples {a;, as, az} which can be ex-
tended to a Diophantine 8-tuple, namely it is possible only for triples with max{a, az,as}
< 10343, Since there are only finitely many integer points on the elliptic curve

y? = (a1x 4+ 1)(agz + 1)(agx + 1),

the proof is finished. ]

Remark 1 From the proof of Theorem 2 it follows that if {a1, ag,...,ag} is a Diophan-
tine 8-tuple and a; < ag < --- < ag, then ay < 10°. Since a4 > 4az, we may apply (40)
with @ = a1, b = as, ¢ = a4. We obtain m < 2-10%3, and it implies that ag < 10107,
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