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On the size of sets whose elements have perfect power n-shifted
products

By Attila Bérczes, Andrej Dujella, Lajos Hajdu and Florian Luca

Dedicated to Professors K. Gyéry and A. Sdrkézy on their 70th birthdays
and Professors A. Pethd and J. Pintz on their 60th birthdays

Abstract. We show that the size of sets A having the property that with some
non-zero integer n, aiaz + n is a perfect power for any distinct a1,a2 € A, cannot be
bounded by an absolute constant. We give a much more precise statement as well,
showing that such a set A can be relatively large. We further prove that under the abc-
conjecture a bound for the size of A depending on n can already be given. Extending a
result of Bugeaud and Dujella, we also derive an explicit upper bound for the size of A
when the shifted products ai1a2 + n are k-th powers with some fixed k& > 2. The latter
result plays an important role in some of our proofs, too.

1. Introduction

A set A={as,...,a,} of positive integers is called a Diophantine m-tuple,
if for any 1 <4 < j < m we have a;a; +1 = xfj for an integer z;;. The
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history and theory of Diophantine m-tuples is very rich. Diophantus found the
set {1/16,33/16,17/4,105/16} of four positive rationals with the above property.
However, the first Diophantine quadruple, {1, 3, 8,120}, was found by Fermat (see
[5]). A folklore conjecture is that there does not exist a Diophantine quintuple.
The first important result concerning this conjecture was proved in 1969 by Baker
and Davenport [1]. They proved that if d is a positive integer such that {1, 3,8, d}
forms a Diophantine quadruple, then d = 120. Hence, the triple {1, 3,8} cannot
be extended to a Diophantine quintuple. In 1998, Dujella and Pethé [13] proved
that the pair {1,3} cannot be extended to a Diophantine quintuple. In 2004,
Dujella [8] proved that there does not exist a Diophantine sextuple and there
are only finitely many Diophantine quintuples (recently Fujita [15] showed that
there are at most 102" Diophantine quintuples). An overview of classical and
recent results and the complete list of references on Diophantine m-tuples can
be found on web page [10]. As a generalization of Diophantine m-tuples one can
consider sets A of positive integers such that for any a,b € A with a # b we
have ab+n = xib, where n is a fixed non-zero integer. Such sets are referred to
as D(n)-m-tuples. E.g. the set {99, 315,9920, 32768, 44460, 19534284}, found by
Gibbs [17] is a D(2985984)-sextuple. Define

M, =sup{|A| : Ais a D(n)-tuple}.

It is easy to prove that M, = 3 for n = 2 (mod 4) (see e.g. [2]). By the Lang
conjecture on varieties of general type, we expect that there exists an absolute
constant C' such that M,, < C for all non-zero integers n. However, the best known
general result of this shape is M,, < 31 for |n| < 400, M, < 15.476log|n| for
In| > 400 (see [7, 9]). Furthermore, Dujella and Luca [12] proved that M,, < 3-2168
holds for all primes p. It is known that 4 < M; < 5 [§], 4 < My < 5 [16] and
3< My <4[11].

As an alternative, but also natural generalization of Diophantine m-tuples,
Bugeaud and Dujella [3] considered sets A of positive integers with the property
that ab + 1 = 2%, whenever a,b are distinct elements of A and k is an integer
with £ > 2. Such sets are called k-th power Diophantine tuples. Examples of
such triples for k = 3 and k = 4 are given, respectively, by {2,171,25326} and
{1352, 8539880, 9768370}. Let

Ej = sup{]A| : Ais a k-th power Diophantine tuple}.

In [3, Corollary 4] absolute upper bounds for the numbers Fy, k > 3 were ob-
tained. More precisely, it was proved that F3 < 7, Fy <5, F5 < 5, E}, < 4 for
6 <k <176, and E, < 3 for k > 177.
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As a further generalization, in this paper we consider sets A of positive
integers such that for any distinct elements a,b of A, ab + n is a perfect power,
where n is some fixed non-zero integer. That is, writing A = {a1,as, ...} we have

a;a; +n = xfj” (1)
for some integers x;; and k;; with k;; > 2, and here the exponents k;; can of
course be different. The case n = 1 of this problem has already been studied
by several authors, see e.g. Gyarmati [19], Gyarmati, Sérkozy, Stewart [20],
Bugeaud, Gyarmati [4], Dietmann, Elsholtz, Gyarmati, Simonovits [6], Luca [22],
Gyarmati, Stewart [21]. The main direction of research concerns finding an upper
bound for the size of sets A C {1,2,..., N} such that ab+ 1 is a perfect power
for all @ # b in A. The best known result of that type is due to Stewart [24], who
proved that |A| < (log N)?/3(loglog N)'/3. Further, Luca [22] proved that if A
satisfies (1) with n = 1, then assuming the abc-conjecture the number of elements
|A| of A can be bounded by an absolute constant.

We show that this is not true in case of arbitrary n (Theorem 1). We also
give a much more precise statement (Theorem 2), which shows that such sets
can be relatively large. Further, we prove that assuming the abc-conjecture we
already have |A| < C(n), where C(n) is a constant depending only on n. In
view of our construction in the proof of Theorem 2, the dependence of C'(n) on
n is necessary. To prove this result we extend a theorem of Bugeaud and Dujella
[3] concerning shifted products which are k-th powers (Theorem 3). Assuming
the abc-conjecture we obtain a bound in terms of n for all but one a;, provided
following the approach of Luca [22], we use Ramsey theory to prove the bound
|A| < C(n) (Theorem 4).

that the exponents k;; in a;a; +n =z, are sufficiently large (Lemma 1). Then

2. Main results

Our first theorem shows that the size of sets with the property (1) cannot be
bounded by an absolute constant.

Theorem 1. For any K € N there exists an n € N and a set A C N such
that |A| > K and ab+ n is a perfect power for any distinct a,b € A.

As one can easily see, Theorem 1 is a simple and immediate consequence of
the following, much more precise statement.
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Theorem 2. Let x > eee, and take

log log x 1/3
K=|[—or—— . (2)
2logloglog x
Then there exists a set Ax = {a1,...,ax} with elements all in [1,z], as well as

an integer ng also in [1,z], such that a;a; + ng = xfjj forl1 <1< j< K with

some integers x;, where the exponents k;; are the first (%) primes.

Remark 1. The condition z > e = 3814279.105.. . . is meant to insure that
logloglogx > 1. If x > 6668, then the above number K is > 2. For smaller values
of x the statement is empty. However, obviously, K — oo as x — oo.

Remark 2. Let f(x) be the maximum K such that there exists Ax C
[1,2]) N with K elements and some n < x such that aa’ +n is a perfect power for
all @ # a’ in Ag. A natural question is to find sharp upper and lower bounds on
f(x). It is clear that f(x) is at least as large as the bound shown at (2) and it is
easy to see that f(z) < 22/3+°() as 2 — co. Indeed, let Ax be a maximal example
(with K = f(x)). Let Ay = {a € Ak : aad’ + n is a square for all a’ € Ax\{a}}.
It is clear that elements in 4; participate in every maximal D(n)-tuple in Ag,
so the cardinality of A; is O(log |n|) = O(logz) (see [7, 9]). On the other hand,
for each a € Ax\A; there is an a’ in Ax such that aa’ 4+ n is a perfect power u”
of exponent k > 3. Since aa’ +n = u* < 222, the number of such perfect powers

k ais a divisor of uF — n, a positive

is O(x2/3). Given one such perfect power u
integer < 22, so which has at most 2°() divisors as  — oo. This indeed shows
that f(x) < x2/3t°(1) a5 & — 0o, which is a nontrivial upper bound. To derive

sharp upper and lower bounds for f(z) we leave as an open problem.
The next result is an extension of a theorem of Bugeaud and Dujella [3].

Theorem 3. Let k and n be integers with k > 2 and n # 0, and let A C Z
such that ab + n is a k-th power for all distinct a,b € A. Then we have |A| <
C1(k,n), where C1(k,n) is a constant depending only on k and n. In particular, if
k = 2 (or more generally, if k is even), we may take C1(k,n) = 31+ 15.476log |n|,
if k = 3, we may take Cy(k,n) = 2|n|'" 4+ 6, while for k > 5 we may take
Ci(k,n) =2|n|> + 3.

Corollary 1. Let k and n be integers with k > 2 and n # 0, and let A C Z
such that ab+n is a k-th power for all distinct a,b € A. Then we have |A| < Cy(n),
where C(n) is a constant depending only on n. We may take Co(n) = 2|n|'7 +31.

Our next result proves that assuming the abe-conjecture, the size of the sets
A considered in Theorem 1, i.e. with the property that the products of distinct
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elements of A shifted by some fixed nonzero integer n are perfect powers, can
already be bounded in terms of n.

Theorem 4. Let n be a non-zero integer, and suppose that the abc-conjecture
is valid. Then there exists a constant C3(n) depending only on n with the fol-
lowing property. If A C 7 such that ab + n is a perfect power for any distinct
a,b € A then |A| < C3(n) holds.

Remark 3. The above theorem extends Theorem 1.4 of Luca [22], where
the case n =1 is handled.

Remark 4. In view of the set A = {2% : « > 1} it is necessary to assume
that n # 0 in Theorem 4.

3. Lemmas and auxiliary results

We shall need the abc-conjecture. We use the same version of the conjecture
as in [22]. For any positive integer ¢ write N(¢) for the radical of ¢, i.e. N(t) =

Hp‘tp'

The abc-conjecture. Let € > 0 and a, b, ¢ be non-zero integers with ged(a, b, ¢) =
1 and a+ b =c. Then

max{|al,|b|, |c|} < N(abc)***

where the implied constant depends only on ¢.

The next lemma plays an important part in the proof of Theorem 4. It is
in fact a simple extension of results of Luca [22] to the case where we shift our
products by n, rather than just by 1.

Lemma 1. Suppose that the set A = {ay,as,as,a4,a5} has the following
properties

(1) The elements of A are distinct non-zero integers with |a1| < |ag| < |ag| <
|aa] < las],

(2) asa; +n = with ky > 3205 for 1 <i < j <5.

If the abc-conjecture holds then we have
|az| < colnf?,

where cq is an absolute constant.



6 A. Bérczes, A. Dujella, L. Hajdu and F. Luca

PROOF. In the proof below, the Vinogradov symbol always implies a constant
depending only on e. Since at the appropriate point of the proof we choose a
concrete value for ¢, in fact Vinogradov symbols imply an absolute constant. We
shall follow the method in [22].

First put u := x15, v := x95, k := k15 and [ := ko5, and consider the identities

aijas +n = uk, ag2as5 +n = vl.

By eliminating the first terms of the above identities we get the equality

asu® — apvt = n(ags — ay).

Putting d := ged(asu®, ayv!) we get

asu® 3 avt nlaz —ap)

d d d 3)

By applying the abc-conjecture to equation (3) we obtain

k
asl
20| < Nzl (ay = an)n) ' < (2lasf - nl - Jul - o). (4)
However,
1 1
ul < (2nayas))*,  [v] < (2[nagas|)T. (5)
Thus combining (4), (5) and |a;| < |az| we get
k
QQJ < ((2‘n|)1+%+% . |a2‘3+%+% . |a5|%+%)1+6 . (6)
Choosing € := 0.1, by &k, > 11 we infer
1 1 1 1 1
—+-)-Q < - —+-)-a < 4.
(k+l> (+e)_5, <3+k+l> (1+¢) < (7)

Moreover, since d | (ag — a1)n, we get d < 2|naz|. Hence, using
las| < |aras| = [uF — n| < 2|nu”|
together with (6) and (7), we deduce

2nd

az

aguk

k
a2t T . 4’112 < |na2|4 . |CL5

|las| < 2|nuf| = .

< I1/5,
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This yields
|as[*/® < |nay|*,

and we conclude
las| < |nas|®. (8)

In the sequel we consider the elements 0 < |a;| < |az| < |ag| < |ag| and
we use the following notations: =1 := x12,Ts := X23,T3 := X34,T4 := X471 and
k1 := k12, ko := kog, k3 := ks, k4 := k41. Further, suppose that k > kg, where kg
will be specified later. With these notations we have

aiag = x]fl —n, azay = x§3 —n,

(9)

asag = x’;? —-n, asa] = xi“ —n.
By (9) we clearly have
(27" —n)(z5* —n) — (&5 —n)(zf* —n) =0,

which yields

k1 k3 ko ks k1 k3 ko k4
7t xg® — xy’ayt = n(a)t +a5® —xy® —ayt). (10)

In (10) neither the left nor the right hand side can be zero. Indeed, z%* 4 z4* —
ka

T — xi“ = 0 would lead to ajas +n + azas +n — asaz —n — aga; —n = 0, and
this would mean (a; — ag)(az — a4) = 0, which cannot happen since A contains
distinct elements.
P k1 ks ko ki
Put D := ged(zy'z5°, x5%xy*). Then by (10) we have

kl k:g k2 ki4 k?l k?3 k2 k4
zy'wg®  ayiay n(zy* + z3° —x32 — )

D D D ' (11)

Here we use again the abc-conjecture to infer

1+e
k1 kg k1 k‘,g ko k4
Ty T3 n(zy' + x3° — 2y° —ay*)
— K 12
D L1X2X3L4 D (12)
For i = 1,2,4 with the appropriate j we clearly have
|| = |asa; +n| < 2|n| - |asa;] < 2[n| - [azas] = 2[n| - |25° = n| < 4n®|a;]*.

This together with (12) proves that

1+e¢
|z ab?| < |ndxywowsraah? . (13)
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Similarly to (5), using (9) we get the estimates

21| < (2|naiaz|)/* 23] < (2|nazaq|)!/*s

2] < (2[nazas|)t/* j24] < (2fnasar|)t/*
and combining these with (13) we have

1+e
|z ks | < n3(na1a2)ﬁ (na2a3)% (nagay) 75 (na4a1)é |25 |Fs(1FE),

Using that k; > ko and |a;| < |az| < |as| < |a4], (13) leads to the estimate
1+e
1] < (Inf+ 450 agf#750) T g o
Now using again (14) for |z3|, we have

1+e
a2 < Jaraa| < 2nller 7 < [n] (Inf* 4750 ag50) 7 fag e

1+(3+75)(1+e) |a4|%(1+5) (

< |n| [nazasl).

This yields

a1 |2 < |n| R+ L g T H e,
Now choose & = g5 and ko = 2000, so that z; + (2 + z%) € < 5
we get
ja1|? < |nf - |aq| T,
ie.

‘a1|200 < ‘TL|5OO . |a4|.

Since 0 < |a1] < |az] < |as] < |as] < |as| we also have
jaz|** < n* - |as].
Now (20) and (8) together show that
a7 < [nf** - Jas| < [n]**?a3),

which proves the estimate
jaz| < |nf.

(15)

(16)

(17)

Thus

(18)
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4. Proof of Theorem 2

PRrROOF OF THEOREM 2. We construct inductively for every K > 2 a set
Ax ={a1,...,ax} with a1 < --- < ag and a positive integer ny such that

k,;j

a;a; + N = Tyj

for 1 <i < j < K, where the exponents k;; are the first ¢(K) := (%) primes.
When K = 2, we take Az = {1,3} and ny = 1. Let T = max{ng,a%}, and
choose an integer axq with /2T > axg+1 > V1. Observe that ax41 > ak.
Let

Clearly,
mi < (V2 +1)Tx)® < TE.

Let Pk be the set of prime factors of mg. Let p; be the ith prime. For a positive
integer m and a prime ¢ we write v,(m) for the exponent of ¢ in the factorization
of m. For each prime p € Pk, consider the following system of congruences

a, = 0 (mod p;) for 1< <t(K), (21)
ap = —vplajaxir +ng) (mod pyky4+;) for 1<j<K.
Let «, be the first positive integer in the above progression. Clearly,
ap < H p; < 4PrHD) < 42K (K+1)log K 63(K+1)210g(K+1)_
i<t(K+1)
In the above inequalities, we used the Erdds lemma, i.e. the fact that Hpgz p < 4”

holds for all x > 1, as well as the inequality p,, < 2nlogn holding for all positive
integers n > 3 (see estimate (3.13) in [23]), which we may apply with n = (K +1)
since t(K +1) > t(3) =3 for K > 2.

Put 8, := a,/2. Since «, is even by the first of the above congruences (21),

UK = H pﬁp.

pPEPK

Bp is an integer. Put

A simple calculation gives

max{o,:pEPKk }

4(K+1)2 log(K+1)
U < My .

<Tx (22)
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Put ngyq = u%(nK, and observe that ngi1 < u%(TK. Set af := uga; for
i=1,...,K + 1. Then we obviously have a] < --- < aj,, and by the choice
of ag41, also (aj,,)? < 2uf Tk. Further, by the construction of our numbers,
one can easily check that afa; + ng+1 = u%( (a;a; + ng) is a perfect power of
exponent k;; for all 1 <14 < j < K 4+ 1, and moreover the exponents k;; can be
chosen to be exactly the ¢(K + 1) primes pq, ... s De(K+1)-

Let Tr 41 = max{ngi1, (a}‘(ﬂ)z}. Then combining the above upper bounds
for ng 41 and (aj,)? with (22), we obtain

(K+1)? log(K+1) 210
TK+1 < QU%TK < TI2<+264 K+41)2 log(K+1 < T;(s(K+1) log(K+1)
for all K > 2. Hence by induction, using that 75 = 9, by a simple calculation
3 (o}

we get that Tk < ™ holds for all K > 2. Now we would like to choose a
positive integer x such that Ax and ng are all contained in [1, z]. Then it suffices
that

3
6K° log K
e
e <u,

giving 6K3log K < loglogx. This yields K?log(K?®) < (loglogz)/2. This is

fulfilled with
Ko loglog = 1/3
" | \2logloglog = ’

and the statement follows. O

5. Proofs of Theorems 3 and 4
In the proof of Theorem 3 we follow [3]. In particular, we use the following
result of Evertse [14, Theorem 2.1].

Lemma 2. If a,b and k are positive integers with k > 3 and c is a positive
real number, then there is at most one positive integral solution (x,y) to the
inequality

laz® — by*| < ¢

with ged(z,y) = 1 and
max{|az®|, |by*[} > Brc*,
where ay, and By are effectively computable positive constants satisfying

3k -2 2(k—1)
2k —3) k—2

asg =9, akzmax{ } for k >4
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and
B3 =1152.2, (4 =9853, fr<k®  fork>5.

Note that in [3], in the application of Lemma 2, the condition ged(z,y) =1
was omitted. However, all corresponding inequalities from the proofs in [3] hold
with safe margins, except for kK = 4,5, so that this omission has not significant
influence to validity of the final results. In particular, in the result from [3,
Corollary 4] cited in the introduction, only F5 < 4 should be replaced by E5 < 5.

PROOF OF THEOREM 3. By the results from [7, 9] cited in the introduction,
we may assume that k is odd and k > 3.

Consider first the case k > 5. Let {a1, a9, ...,an} be a kth-power D(n)-m-
tuple, and 0 < a1 < as < --- < ap,. For i > 3 we have

k k
a1a; +n=x;, a6, +n=y,;,

ie.

agxf - alyf =n(az —ay). (23)

Let d; = ged(z4,y;) and write z; = d;z}. Note that d¥ < |n|(ag — a1). We apply
Lemma 2 to the Thue inequality

|a2xk — alyk\ < |n|(az2 — a1). (24)

By Lemma 2, there is only one very large primitive solution to (24). It may
correspond to a,,, but certainly not to a; for i < m. Thus we have

1 am_1 < 2|n|zF, | =2n|zt_dE | < 2nPaa’t | < 2n? - k? - (|njag)'?4,

ie.
am—1 < 2k|n|?/4al?, (25)

Assume now that at least four a;’s are larger than 2|n|%, i.e. am—3 > 2|n[°. In
order to obtain a lower bound for a,,_1, we first consider the case n > 0. Then
we have

(@1am—2 +n)(a2am—1 +n) > (a2am—2 + n)(a1am—1 +n),
which implies

(@1@m—2 +n)(a2am—1 +n) > (((azam—2 + n)(aram—1 +n))* + 1)k,
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k—1)/k
NA2am—1 > k(a1090m —20m,_1)FD/F

and finally
am—1 > kFat tak 20k, (26)

Assume now that n < 0. Then
(a1Gm—2 + n)(agam,—1 +n) < (a2am—2 + n)(a1a4m—1 + n),
which implies
(a2m—2 +n)(a1am—1 + 1) > ((a1am—2 + n)(agam—_1 + n)/F +1)*,

|n|asa,—1 > k(4a1a2am_2am_1/9)(kfl)/k, (27)

(here we use that a,,_o > 2|n|> + 1 > 3|n|) and finally
am_1 > (9/4) " FEFa a2 | R, (28)
From (26) and (28) in both cases we get
am—1 > 2k*ak 2 In| k. (29)

By the same arguments we get a.,, o > 2k2ak_23\n|*k. Therefore,

Q1 > (2k2)F a2 ] R, (30)

Comparing (25) with (30), we get a$:§)2_13/4 < |n|F’—k+21/4 Now we use the
assumption that a,,_3 > 2[n|5. We get 4k? — 19k — 3/2 < 0, and k < 5, a
contradiction. Hence, at most three a;’s are greater than 2|n|®, which shows that
m < 2|n|® + 3, as claimed.

It remains to consider the case k£ = 3. In that case the above approach needs
some modifications because the exponent of a,,_» in (28), i.e. k—2, is not greater
than 1. The bound for m will also be considerably weaker. Assume that at least
|17 ‘17

seven a;’s are larger than 2|n . We take a closer look at

(27), which for k = 3 gives

, e am—_g > 2|n

a20m -1 > bajay, o|n|”? (31)

and analogously
a3am—1 > baszaZ,_on|7>. (32)
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We claim that
am—1 > 5|n|3a>/? (33)

m—2

Indeed, if a;,—1 < 5|n\*3a‘r’/3 then (31) and (32) imply az > a%a;{EQ and

m—2)
2 1/3

asz > asa,,”5. DBut this leads to as > a%am_g > a,;,_2, a contradiction. By

iterating (33) five times, we obtain

1441/81,3125/243
Am—6 : (34)

-1 > (5|n|7%)
On the other hand, an application of Lemma 2 to (24) for k = 3 gives
am—1 < 2305|n|" a3, (35)
Comparing (35) with (34) we get

938/243 1738/27
am7/6 < |n|1T38/27, (36)
The assumption that a,,_¢ > 2|n|'”, combined with (36), leads to a contradiction.
Hence, m < 2|n|'" + 6, as we claimed. O

PROOF OF THEOREM 4. The proof goes along the same lines as the corre-
sponding one in [22, Theorem 1.4]. However, for the convenience of the reader we
give the details. We may assume that A4 C N, since the bound for subsets of Z
can be obtained by doubling the bound for subsets of N. Let A’ ={a € A : a >
co|n|?}, where ¢g is defined in Lemma 1. By Lemma 1, in the set A’ there does
not exist a subset of five elements such that a;a; +n = xZJ with k;; > 3205 for
all distinct 7 and j. Let t = 7(3205) = 453 and let p; be the ith prime. We let G
be the graph whose vertices are the elements of A’. We color the edges of G with
the ¢t 41 colors p1, ..., ps, 00 in such a way that if a,b € A’, then we assign to the
edge ab the color p;, ¢ € {1,...,t} if p; is the smallest prime for which there exist
an integer x such that ab+ 1 = zPi. If such p; does not exist, we assign the color
oo to the edge ab.

We finish the proof by using the existence of Ramsey numbers. The Ramsey
number R(nq,...,ns) is the smallest positive integer R such that no matter how
we color the edges of the complete graph with R vertices with the colors 1,2,... s,
there exist a color ¢ and a complete monochromatic subgraph with n; vertices
colored with color i (see e.g. [18]). For given non-zero integer n, consider the
following well-defined positive integer

R(n) = R(C1(2,n),C1(3,n),C1(5,n),...,C1(3203,n),5),
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where the quantities C;(k,n) are defined in Theorem 3. We claim that |A'| <

R(n),

and therefore | A| < con®+ R(n), which will complete the proof of Theorem

4. Indeed, if |A’| > R(n), then either there exist a prime number p < 3203 and
at least C1(p,n) elements of A’ such that the product of any two of them plus

n is a pth power, contradicting Theorem 3, or there exist at least five elements

of A" such that the product of any two of them plus n is a kth power with some

k > 3205, contradicting Lemma 1. O
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