Elliptic curves with torsion group Z/8Z or Z/27 x 7./6Z

Andrej Dujella and Juan Carlos Peral

ABSTRACT. We show the existence of families of elliptic curves over Q whose
generic rank is at least 2 for the torsion groups Z/8Z and Z/2Z x Z/6Z. Also
in both cases we prove the existence of infinitely many elliptic curves, which
are parameterized by the points of an elliptic curve with positive rank, with
such torsion group and rank at least 3.

These results represent an improvement of previous results by Campbell,
Kulesz, Lecacheux, Dujella and Rabarison where families with rank at least 1
were constructed in both cases.

1. Introduction

The construction of families of elliptic curves having high rank often is based
in two basic strategies as mentioned by Elkies in [El].

a) The Néron method studies the pencil of cubics passing through a set of nine
rational random points and then looks for independence. See [Sh] for a detailed
description of the method. Families of rank up to 10 where constructed in this way.

b) The Mestre method uses polynomial identities forcing the existence of ratio-
nal points in the curve and then searches for independence conditions. In this way
Mestre was able to construct a rank 11 curve over Q(u), see [Me].

In our case we want the curve to have a predetermined torsion group, Z/8Z
or Z/27 x Z/6Z, so we start from the general model for such torsion and then try
to impose the existence of new points. One way to do this is by looking for good
quadratic sections. Also, the method developed by Lecacheux [Lel], [Le2], can be
used in these cases. In her method Lecacheux uses fibrations of the corresponding
surfaces, as the ones given explicitly in Beauville [Be]. Other fibrations such as the
ones in Bertin and Lecacheux [BL] or in Livné and Yui [LY], can also be used in
order to find elliptic curves with positive rank over Q(u). Another useful tool in
the search for high rank curves over Q(u) are diophantine triples. In fact, for the
torsion group Z/27 x 7./47 we have constructed a rank 4 family using such triples,
this is the current record for this torsion group, see the preprint [DP].

Elliptic curves with torsion group Z/8Z and rank at least 1 over Q(u) have
been found by several authors, see [Ku], [Lel], [Le2] and [Ra]. In this paper we
prove the existence of two elliptic curves having this torsion group and rank at least
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2 over Q(u), and we also show the existence of infinitely many elliptic curves over
Q with this torsion group and rank at least 3, parametrized by the points of an
elliptic curve with positive rank.

Elliptic curves with torsion group Z/27Z x Z/6Z and rank at least 1 over Q(u)
have been constructed by several authors, see [Cal, [Ku], [Lel], [Dul] and [Ra].
Here we prove the existence of three elliptic curves with torsion group Z/2Z x Z/6Z
and whose rank over Q(u) is at least 2. We prove also the existence of infinitely
many elliptic curves with this torsion group and rank at least 3 over QQ, parametrized
by the points of an elliptic curve of positive rank.

The paper is organized as follows. First, we describe the model for the elliptic
curves having each of these torsion groups. Then, in both cases, we show the
existence of several families having rank at least 1 over Q(u). In another section
we show the existence of two families in the Z/8Z case and three families in the
case of torsion Z/27 x Z/6Z having rank at least 2 over Q(u). In all the cases we
describe the coefficients of the families and the coordinates of independent points.
We give also the details for the rank 3 results. Finally we exhibit some examples
of curves with high rank. The current records both for families and for individual
curves can be found in [Du2]. One way to find high rank elliptic curves over Q is
the construction of elliptic curves with positive rank over Q(u), as high as possible,
and then searching for good specializations with adequate sieving tools such as the
Mestre-Nagao sums and the Selmer group for example.

2. Torsion group

2.1. Curves with torsion group Z/8Z. The Tate normal form for an elliptic
curve is given by

Ebc): 3>+ (1 —c)ry—by =2 —bx?

(see [Kn]). It is nonsingular if and only if b # 0. Using the adition law for P = (0, 0)
and taking d = b/c we have

4P =(d(d — 1),d*(c — d + 1)),
—4P =(d(d —1),d(d — 1)?)
so P is a torsion point of order 8 for b and c¢ as follows

b=(2v—-1)(v—1),
(2v—1)(v—1)

c
with v a rational, see [Kn]. For these values of b and ¢ we can write the curve in
the form y? = 23 + Ag(v)z? + Bs(v)x where

Ag(v) =1 — 8v + 16v* — 160> 4 8v*,

Bg(v) =16(—1 + v)*0?.

Writing the curve in this form is a convenient way to search for candidates for new
rational points. In fact their z-coordinates should be either divisors of B or rational
squares times divisors of B.
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2.2. Curves with torsion group Z/2Z x7Z/6Z. Using again the Tate normal
form and the addition law for the point P = (0,0) we find

3P = (¢,b—c),
—3P = (¢,c?).

It follows that P will be a torsion point of order 6 for b = ¢ + ¢2. For this value of
b we write the curve in the form y? = 2% + Ag(c)x? + Bg(c)z, where

Ag(c) = =1+ 6¢ — 3¢2,
Bg(c) = —16¢°.
In the new coordinates the torsion point of order 6 becomes (—4c, 4c(1 + ¢)). Now
we use the fact that the curves with torsion Z/2Z x Z/2Z have a model y* =
x(x —m)(x —n). So in order to get a curve with torsion group Z/27Z x Z/6Z it is
enough that in the family above the polynomial
23 + Ag(c)x® + Bs(c)r = x(—16¢% + z + 6¢cx — 3c*x + 2?)

factorizes into linear factors. So the discriminant A = (1 + ¢)?(1 + 9¢) of the
second order polynomial must be a square. Hence we have to parametrize the conic
(14 ¢)(1 4+ 9¢) = Square and we get

o -2 +1
- 23v-5)"
For these values of ¢ the corresponding curves have torsion group Z/2Z x Z/6Z and
can be written as y? = 23 + Asg(v)z? + Bag(v)z where
Agg(v) = 37 — 84v + 10202 — 3603 — 3v?,
Bag(v) = 32(—1 +v)3(1 +v)3(~5 + 3v).
The torsion point of order 6 transforms into
(8(=1+v)(1 +v)(=5+3v),8(=3 + v)*(=1 +v)(1 + v) (=5 + 3v)).

REMARK 2.1. The cases treated here, jointly with the general curve having
torsion Z/7Z and whose model is

y? = 2%+ 2%(1 = 2t + 3t + 663 + 1) + 2(—=8t*(1 + t)(—1 + t + t*)) + 16t* (1 + 1),

are the three cases in which the general model for such torsion group is a K3 surface,
see [ElJ.

3. Search for new rational points

Here we explain how we get new points in our families of curves. The idea is
as follows:

1) All the curves in the paper have a model 3? = 23 4+ Ax? + Bx. This is due
to the fact that all of them have at least one torsion point of order two.

2) In these cases it is well known that the z-coordinates of rational points
should be either divisors of B or rational squares times divisors of B.

3) We know some of the divisors of B, namely the polynomial factors of B.

4) So we construct the list of all such known divisors of B and we look for those
that become a new point after parametrizing a conic.
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If d is a divisor of B, we try to force d to be the z-coordinate of a new point,
so we have to impose that d®> + Ad®? + Bd = d*(d + A + B/d) is a square. So for
every known divisor of B we consider the equation

d+A+§:Square

In same cases this equation is equivalent to solving a conic and in this way we get
a new point in the curve.

Now we try the same with a divisor of B, say d, times a rational square, say
2
%, and we get the following equations

(7 ({ (f2 d2U'2
3 2
@5 + Ad* 57 + Bl

(dU4 + AUV VA 7 > = Square
These equations describe the homogeneous spaces corresponding to the pair (U, V).
Again in some cases this equation is equivalent to solving a conic and in this way
we get a new point in the curve.
We do the same for the associated curve y? = ® — 2422 + (B? — 44)x.
Finally we check the independence of the new point with the respect to the old
ones.

4. Rank 1 families

4.1. The case of torsion group Z/8Z. For this torsion group we show ten
conditions upon v leading to rank 1 families. Some of them were already known:
the fourth family was found by Kulesz [Ku] and the third and seventh family were
found by Lecacheux [Lel]. Also, Rabarison [Ra] found a family which is not in
our list. We first list eight values of x; which becomes the z-coordinate of a new
point once we specialize to the corresponding values of v;, i = 1...,8. We include
another two values, vg and v1g, found by Lecacheux by using an adequate fibration
of the general model with torsion group Z/8Z.

—16v*(1 — 4v + 20?) 1+ w?

T = v=—
(—1 4 4w)? ’ 3— 2w+ w?’

oy —(=1+v)4(=5 + 8v)(—5 + 18v) by — 5(1 + w?)
* 4(—2 4 3v)2 ’ > 29 + 4w?)’
s — —4(=3 +v)(=1 +v)%v (=1 + 3v) vy = 1+ 3w?
(1 —4v+ 20?%)2 ' 3+ w?’
x4 = 16(—1 + v)%0v?(1 — 20 + 2v?), vy = %,
o —64(—1 +v)20%(—1 — v + v?) (24 w)w
o (—1 — 4o + 4v2)? ’ BT T T w2
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2 — 2w + w?
= —(=1+4v)*(1 — 6v + 40* =
$6 ( +U)( U+ U)? 'U6 4+’LU2 )
-5+ w?
= 4ot =—
T7 v, U7 4(1+U}),
. (=14 v)?(=5+20v)?(25 — 700 + 360?) ; 34— 6w+ w?
8 (—7 + 6v)2 ’ T 36+ uw?
e — w? + 12 - —2w
P w244 T T—wtw?

Details of one of these cases is given in Section 5. In every case the new point
is of infinite order so the rank of the corresponding curve is at least 1 over Q(w).

4.2. The case of torsion group Z/27Z x Z/6Z. We have found several con-
ditions upon v leading to rank 1 families. In the next table we list nine values of x;
which becomes the z-coordinate of a new point once we specialize to the value of
v, = 1...,9. Families with this torsion group and rank at least 1 have been found
by several authors. The third family was found by Kulesz [Ku]. Other families
were found by Lecacheux [Le2], Rabarison [Ra] and Dujella [Dul].

21 = 8(—1+0)3(1 +v), _ 31+ w1 +w)

—29 — 8w+ w? ’
3(—=3+w)(3+w)
=4(1 +0)* =
2 =41+ o), 2T e el
—7+w?
3 =2(—1 1+v)%(=5+3 g=—
25 =2(=1+v)(1+v)°(=5 +3v), BT dwt w?
—11 + w?
—_ 2 _
I’4—716(71+'U) (].+'U), Vg = m,
3(261 + w?)
= 16(— —7)? = "
x5 = 16(=54 3v)(3v — 7)=, Us = 153 — 9dw + w2’
135 — w?
_ _r\2 _
T = 16(1 + U)(’U 5) y Vg 141 + 24w + w27
. _A(=14v)%(1 +v)?(41 — 54v + 490?) - — 41 — w?
T (—1+ 3v)2 ’ T 227+ Tw)’
3
rg = (_5 + 37})(3’0 — 1)27 Vg = m,
2(v —1)(v+1)3(3v — 1)2 —7 — 2w?
T9 = Vg = 5+
’ (20 + 2)2 ’ 77 3(=3+ 2u?)

More details are given in Section 6. In every case the new point is of infinite order
so the rank of the curve is at least 1 over Q(w).

5. Rank 2 families for the torsion group 7/8Z

5.1. A family with rank 1. We present here some details for the family in
which we have found two subfamilies with torsion Z/8Z and generic rank at least
2. Tt corresponds to the third entry in the table of Section 4.1 of rank 1 families
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above and it is a reparametrization of one of the families in [Lel]. By inserting in
the general family y? = 23 + Ag(v)2? + Bg(v)z the value v = v3(w) we get the rank
1 family given by y? = 2% + AAg(w)2? + BBg(w)x where

AAg(w) = — 31 — 148w? 4 214w* — 116w° + 337w8,
BBg(w) =256(—1 4 w)*(1 4+ w)*(1 + 3w?)*.
By searching on several homogeneous spaces of the associated curve we have

found the possibility of imposing two new conditions which lead to new points.
Observe that the associated curve is y? = 23 + AASs(w)z? + BBSs(w)x where,

AASg(w) = — 2(—31 — 148w? + 214w* — 116w® + 337w®),
BBSs(w) =(3 4+ w?)?(—1 + 5w?)* (=7 — 26w? + 49w*).
For the homogeneous space (U, V) = (2, 1), we find that forcing
22(3 + w?)(—1 + 5w?)?

to be the z-coordinate of a new point in the associated curve is equivalent to solve
2
11 + 25w? = Square, so we have w; = 1116;‘ .

For the homogeneous space (U, V) = (2w, 1), we find that forcing
(2w)2(3 + w?)?(—1 + 5w?)

to be the z-coordinate of a new point in the associated curve is equivalent to solve
2

7+ 29w? = Square, so we get wy = %

Equivalently, for the the initial curve the z-values that become the x-coordinate

of a new point, and the specialization values of w are x1,w; and zs, w2 given by:

(14w (14 w)2(5 + Tw?)?(11 + 25w?) 11—

e 16 ’ T

(=14 w)?(1 +w)?(1 + 11w?)%(7 + 29w?) 29 — 12u + u?

ro = , Wy = —————F—
16w? —29 + u?

With these substitutions we get two families of rank at least 2 over Q(u).

5.2. First family with rank 2 and torsion group Z/8Z. Once we insert
w into the coefficients AAg, BBg we get as new coefficients AAAg, BB Bg given by
AAAg = 337u'® — 41256u'* + 4047356u'? — 288332632u'" + 2363813190u®
— 34888248472u° + 59257339196u* — 7308752061612 + 72238942897,
BBBg = 256 (363 + 34u? + 3u®)* (11 + w)* (=11 + u)* (=1 + u)* (1 4+ u)*.

The z-coordinates of two independent infinite order points are

C21252(—11 4+ w) (1 + w)?u? (1 + w)? (11 + w)?(—11 + u?)?(363 + 34u? + 3u*)*

X1 = (102487 — 303468u? + 43482u* — 2508ub 4 7u8)?

(=11 +w)? (=1 4+ u)?(1 4+ u)?(11 + u)?(11 + u?)?(847 + 346u? + Tut)?
64u? '

The z-coordinate of the torsion point of order 8 is:

T =—8(—11+u)(—1 +u)(1 +u)(11 +u)(363 + 34u® + 3u*)>.

X, =

3
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That the rank of this curve is at least 2 over Q(u) can be proved using a special-
ization argument. For example, take w = 3. The curve is

Y2 = X3 4 (—20767901155328) X ? + (114143545210464322134736896) X

and its rank is 2. The points with the z-coordinate above, for u = 3, are

31240494485235302400 552085978404881644793018449920
12061729 ’ 41890384817

and

102874768998400 248529333238072606720
9 ’ 27
Since they are independent, it follows that the family has rank at least 2 over Q(u).

5.3. Second family with rank 2 and torsion group Z/8Z. Once we insert
wy into the coefficients AAg, BBg we get as new coefficients aaag, bbbg given by

aaag = 500246412961 — 2069985157080u + 3162080774436u> — 2895517882032u>+
1873181389706u* — 906769167048u° + 333391978480u’ — 93284915496u" +
19860033555u® — 3216721224u° + 39642328010 — 37179432u!t +
2648426u'% — 141168u'® + 5316u'* — 120u'° + 46,

bbbg = 256(—6 + u)tut(—29 + 6u)* (841 — 522u + 137u? — 18u® + u')?.

The z-coordinates of two independent infinite order points are

X1 = 64(—6 + u)*u? (=29 + 6u)*(—29 + u?)?(29 — 12u + u?)*x
(841 — 522u + 137u? — 18u® + u*)*
(707281 — 292668u — 200158u2 + 168432u3 — 46685u* + 5808u5 — 238u’ — 12u7 + u8)?2’

P (—6 + u)?u?(—29 + 6u)? (87 — 29u + 3u?)?(2523 — 1914u + 541u? — 66u> + 3u*)?
2T 4(29 — 12u + u2)? '
The x-coordinate of the torsion point of order 8 is:
T =8(—6 4 u)u(—29 + 6u)(841 — 522u + 137u? — 18u® + u*)3.

That the rank of this curve is at least 2 over Q(u) can be proved using a
specialization argument. For example, take u = 4. The curve is

Y? = X3 4 (—122007679) X2 + (3778019983360000) X

and its rank is 2. The points with the z-coordinate above, for u = 4, are

897870061670400 3325049714905607270400
14753281 ’ 56667352321

and

648211600 3056977617200
9 ’ 27
Since they are independent, it follows that the family has rank at least 2 over Q(u).
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REMARK 5.1. When we use ws = w and wy = W in the
family of rank at least 1 corresponding to vy we get two families of rank at least 2.
They are a reparametrization of the two families above. So we have the following
observation: when we specialize in the general family with torsion group Z/8Z to

_ 1-|—3w2 _ —2w 1 :
v3 = 3 and to vig = Tougoz We get two families having rank at least 1. When
. — 2 — 2 ey
we use in the first the values w; = 1110;‘ and wy = % we get two families

of rank at least 2 that are a reparametrization of the rank 2 families that we get
by using v1¢ followed by w3 = w and wy = W.
So at the end with the changes v followed by w; and we and vig followed by

ws and wy we reach the same families of rank at least 2.

5.4. Rank 3 for the torsion group 7Z/8Z. It can be proved that there
exist infinitely many elliptic curves with torsion group Z/8Z and rank at least 3
parametrized by the points of a positive rank elliptic curve. In fact it is enough to
see that the equation wq (r) = wa(s), i.e.:

11 — r2 729712s+52
10r =29+ 2

has infinitely many solutions. This is the same as to solve
319 + 2907 — 2972 — 120rs — 115% 4+ 10rs* + r?s? = 0

in rational terms, so the discriminant A = 3509 + 62r2 4 297 has to be a square.
But 2 = 3509 + 6272 + 29r* has a rational solution, (r,t) = (1,60) for example,
hence it is equivalent to the cubic y?> = x> — 46322 + 459362 whose rank is 2,
as proved with mwrank [Cr|, with generators (116, —812) and (1764, 64260). This,
jointly with the independence of the corresponding points, implies the existence of
infinitely many solutions parametrized by the points of the elliptic curve, see [Lel]
or [Ra] for this kind or argument. We can give more direct proof of this statement
by using the Silverman specialization theorem. It suffices to find a specialization of

y? = 23 + AAg(w)x? + BBg(w)x

for which three points with z-coordinates 1024w?(1+3w?)*(—1+w)?(w+1)?/(-1—
22w? + Twh)?), (=1 + w)?(1 + w)?(5 + Tw?)?(11 + 25w?)/16 and (-1 + w)?(1 +
w)?(1 + 11w?)2(7 + 29w?)/(16w?) are independent. The generator (1764, 64260)
induces the parameters r = 13/5, s = 21/2 and w = w1(r) = wa(s) = 53/325.
Thus, we get the curve

4329908401047150771968 _ ,

v: o= X°-
124470630035400390625
4840546566426912588971275991268818216288256

15492937741409517847932875156402587890625

with three independent points with x-coordinates

20097625990422911549779131793145856/1430562172374345568917217041015625,

9770851267448066638811136,/525888411899566650390625,

10108246607376162052018176,/349637999769439697265625.
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6. Rank 2 families for the torsion group Z/27Z x Z/6Z

6.1. A family with rank 1. We present here some details for the family
of rank 1 in which we have found two subfamilies of generic rank at least 2. It
corresponds to the eighth entry in the table of Section 4.2. We have found the
possibility of converting #s = (=5 + 3v)(3v — 1)? in the x—coordinate of a new
point by considering the homogenous space (U, V) = (3v—1,1) of the initial family

y? = 2 + (37 — 84v + 102v% — 360° — 3v*)z? + (32(—1 + v)*(1 4+ v)* (=5 + 3v)).

The condition that has to be fulfilled is that v(—3 + 5v) converts into a square,
hence we get vg = ﬁ Once we insert vg in the preceding family and take off

denominators we have the family y? = 23 + AAys(w)x? + BBag(w)x where

AAgg(w) = 9472 — 7808w? + 2688w? — 488w + 37wd,
BBag(w) = 32(—=8 4+ w?)3(=5 + w?) (=2 4+ w?)3 (=16 + 5w?).

The point of infinite order is
P :( — (=5 + w?)(4 + w?)2(~16 + bw?),
27(—2 + w)2w(2 + w)2 (=5 + w?)(4 + w?)(~16 + 5w2)>
and the torsion point of order 6 is
T :(8(—8 Fw?)(=5 + w?) (2 + w?)(—16 + 5w?),
T2(=2 + w)2(2 + w)A(=8 4+ w?)(=5 + w?) (=2 + w?) (16 + 5u?) ).

By searching on homogeneous spaces corresponding to the pairs (U,V) =
(Mw? + Nw + P,Qw? + Rw + S) where M, N, P,Q, R,S are integers with ab-
solute value less than 4, we have found the possibility of imposing two new con-
ditions which lead to new points, hence, in case of independence, to a couple of
rank 2 families. We have found such possibility with (U, V) = (1,1) and 2(—8 +
w?)2(=2 + w?)? and with (U,V) = (w?,1) and (=8 + w?)(—5 + w?)(—16 + 5w?).
In the first case we get a new point with z-coordinate 2(—8 + w?)?(—2 + w?)? for
2w? — 7 = Square and in the second case the new point will have the z-coordinate
w*(=8 + w?) (=5 + w?)(—16 + 5w?) if 5w? — 4 = Square, so the values z; and z2
jointly with the specialization of the parameter are

2(7 + u?)
—9(—8 2y2(_9 2)3, _
T ( +U))( +w) w1 _7_2u+u2’
5—2 2
z9 = (=8 + w?) (=5 + w?)(—16 + 5w?)w?, wo = ﬁ

6.2. First family with rank 2. In order to force 2(—8+w?)?(—2+w?)? to be

the z-coordinate of a new point it is enough to solve 2w? —7 = M?2. This is achieved
2(7+u?)

—#=3u7uz» and the corresponding family is y? = 2% + AAAy(u)x? +

with w, =
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BBBayg(u)x where

AAAgg(u) = — 2(5764801 4 6588344u — 2164741612 + 29445864u> — 9604u 4
27969592u° — 446319441’ + 9779112u” + 5909830u° — 1397016%°
— 91085610 — 81544utt — 4u'? — 17520 — 184u!? — 8u'® 4 419),

BBBag(u) =(—7 — 10u + u?)3(=7 + 2u + u?)*(49 + 140u — 106u* — 20u® + u?)
(49 — 28u + 38u” + 4u® + u*)3(49 — 112u + 110u® + 160> + u?).

The z-coordinates of the two infinite order points are

X1 =(49 + 140u — 106u? — 20u® + u*)(49 + 14u + 2u? — 2u® + u*)? x
(49 — 112u + 110u? + 16u> + u?),
(=7 — 10u + u?)?(=7 + 2u + u?)?(49 — 28u + 38u? + 4u® + u?)3

Xs =
? (=7 — 2u + u?)? ’

and the z-coordinate of the torsion point of order 6 is

T =(—7— 10u + u?)(=7 4 2u + u?)(49 + 140u — 106u? — 20u> + u?)x
(49 — 28u + 38u? 4 4u® + u*) (49 — 112u + 110u? + 160> + u?).

The specialization for u = 2 gives the elliptic curve
y* = 2 + (1723160926) 2% + (8550207293988769)x
whose rank is 2. The specialized points are
(—706250975, 22387192082640)

and

3803011153 —1163721412818000
49 ’ 343 '

Since they are independent, the fact that specialization is a homomorphism implies
that the rank of the curve y? = 2 + AAAq(u)z? + BBBog(u)z is at least 2 over

Q(u).

6.3. Second family with rank 2. Imposing (-8 + w?)(=5 + w?)(—16 +

5w?)w? as the x-coordinate of a new point is equivalent to solve 5w? — 4 = M?2.

5—2u+u2
—5+u2 -
The corresponding family is y* = 23 + aaags(u)z? + bbbag(u)x where

This is achieved with we =

aaass(u) =1523828125 + 1171250000u — 348212500012 — 19708500001+
3530367500ut 4 1221154000u° — 20185022001’ — 238418640u" +
632792782u® — 47683728u” — 807400881 " + 9769232u' +
5648588u'? — 630672u' — 2228561 + 149921 + 390116,

bbbog (u) =128(—7 4 2u + u?)3 (=25 — 10u + Tu?)?(25 + 5u — 16u? + u® 4 u*) x
(25 4 20u — 34u? + 4u® 4+ u*)3(275 + 100u — 230u? + 20u® + 11u?).
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The x-coordinates of the two infinite order points are
X, = —4(25 + bu — 16u? 4+ u® + u*)(125 — 20u — 26u? — 4u? + 5ut)?x
(275 + 100w — 230u? + 20u® + 11u?),
—4(5 — 2u + u?)* (=7 + 2u + u?)(—25 — 10u + Tu?)
- (=5 + u2)2 8
(25 + 5u — 16u? + u® + u*)(275 + 100u — 230u® + 20u® + 11u?),

X5

and the z-coordinate of the torsion point of order 6 is
T =32(=7 + 2u + u?)(—25 — 10u + Tu?)(25 + 5u — 160> + u® + u?)x
(25 4 20u — 34u? + 4u® 4 u*)(275 + 100u — 230u? + 20u> + 11u?).
For u = 4 the specialized curve
y? = 2% + (561927462493) 2% + (3020439467533903689856)
has rank 2. The specialized points for u = 4 are
(—202832527484,118999553078706300)

and

—10855040006564 79073800669164728700
121 ’ 1331

They are independent, so the family y? = 23 + aaags(u)z? + bbbag(u)x has rank at
least 2 over Q(u).

6.4. Third family with rank 2. A variant of the model for torsion group
Z/6Z described by Hadano in [H] will be used here for the construction of another
family of curves with torsion group Z/2Z x Z/6Z and rank at least 2. The curves
with torsion group Z/6Z in [H] have the equation

Y? = X3 4+ X%(a® + 2ab — 2b%) — X (2a — b)b>.

For this model we first force the existence of a new point in order to have a family
with this torsion and rank at least 1, then we choose the parameters that give
complete factorization of the above cubic polynomial in X, and so the torsion
subgroup is Z/27Z x Z/6Z. Finally, in the resulting family for this torsion and rank

1, we impose a second independent point with a quadratic section.
(—14a®—v)(—=14a’4v)
4(—a+a3—v)

Observe that by choosing b = — we have a new point in the

curve with X coordinate given by
(1 —4a+3a® —v)(=1+a®+v)?
16(—a + a3 — v)? '

X=-

Once we clear denominators, this family can be written as Y2 = X3+ Ag(a,v) X2+
Bg1(a,v)X where

A1 =2(—1+ 8a% — 10a* + 3a® + 4av + 8a®v — 12a°v + 202 + 6a*v? — 4av® — 114),
Be1 = (—1+4+a® —v)3(1 — 4a + 3a® — v) (=1 + a® +v)*(1 + 4a + 3a® + v).
The new point becomes

P = (—(1—4a+3a® —v)(—1+a*4+v)3,4(1—4a+3a* —v)(—a+a® —v) (= 1+a* +v)?).
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For fixed a # 1, then for all but finitely many values of v, P is of infinite order
as a consequence of the Silverman specialization theorem, so the curve has rank at
least 1 over Q(a,v). Now we observe that the complete factorization of the cubic is
equivalent to forcing the discriminant of a second degree polynomial to be a square.

The condition is a(—a + a® — v)(=1 + a® — av + v?) = square. This can be
1—w?

achieved with a = v + 1 followed by v = =35
we get Y2 = X3 + agg(w) X2 + bog(w) X where

ags = 2(—24 — 216w + 1008w? — 1596w> + 1319w* — 648w® + 198w’ — 36w” + 3uw®),
bog = (—4 4+ w)* (=3 + w) (=2 + w)3 (=1 + w)3w(1 + w)* (=7 + 3w)(—2 + 3w).

. Once we perform these changes

With these changes the xz-coordinate of the infinite order point is
P (=4 +w)3 (=2 +w)3 (=1 +w)?w(l + w)? (-2 + 3w)
B (2 — 2w+ w?)? '

So we have a curve with torsion group Z/2Z x Z/6Z and rank at least 1 over Q(w).
Now we see that (—4 + w)(=3 + w)(—1 + w)3(1 + w)?(=7 + 3w) will be a new
point on the curve if we force 4 — 9w + 3w? to be a square. This is the same as

choosing w = — _9; fsz- Once we perform this change and clear denominators we

get the following coefficients for the new family
Agpz = — 2(157464 — 1889568u — 13594392u? — 38047968u> —
62500248u” — 69622416u° — 57719412u5 — 38941344u" —
23353995u® — 12980448u° — 6413268u'’ — 2578608u't —
771608u'? — 156576u'® — 18648u'* — 864u'® 4 24u'9),
Bogz = — (—6 4+ u)?u(2 + u)* (=1 4+ 2u)3(3 + 2u)® (4 + 3u)(9 + 4u)
(6 + du 4+ u?)3(3 + 4u + 2u?)3(21 + 12u + 2u?) (6 + 12u + Tu?).

The z-coordinates of the non-torsion points are
X1 =(—6 +u)*u(2 +u)*(—1 + 2u) (3 + 2u) (4 + 3u) x
(6 + du 4+ u*)3(6 + 12u + Tu?),
(=6 +u)?(2 + u)? (=1 + 2u)3(3 + 2u)3(9 + 4u)
(45 + 48u + 2202 + 8u5 + 2ub)? 8
(6 + 4u + u?)?(3 + 4u + 2u?)* (21 + 12u + 2u?).

Xo=—

A specialization argument, as in Section 6.2 and Section 6.3, shows that these two
points are independent so this curve has rank at least 2 over Q(u) and torsion group
7./27 x 7./67Z. For u = 2 the specialized curve given by

y? = 2 + (83034141712)22 + (1585911434996821524480)z
has rank 2. The specialized points for u = 2 are
(36369285120, 14683880651489280)

and

—4747100799200256 81695648948707135254528
105625 ’ 34328125 '

They are independent, so the family y? = 23 + Aogzx? + Bagsx has rank at least 2.
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6.5. Digression. The condition for complete factorization in the construction
of the third family above was:

a(—a+a® —v) (=1 + a® — av + v*) = square.

We used a = v + 1 followed by v = _13_ +“§2w as a solution, but there are many
2

others, for example v = 2a + 2 followed by @ = =5 or v = 2a(a — 1) followed
l+w2

by a = ~3(it2w) In a more systematic way with v = 7@ the condition

becomes
(6.1) Y2 =X —a?(=3+4+2a*) X%+ (—1 +a)*a®*(1 +a)*X.
But (6.1) is an elliptic curve curve with rank at least 1 over Q(a). In fact the point
(1+43a%)? (1+ 3a?)(—1+ 21a?)
9 ’ 27
is a point of infinite order in the curve.
Then for almost all @ we have infinitely many solutions of the initial condition

and eventually infinitely many families with torsion Z/2Z x Z/6Z and rank at least
1.

Examples of substitutions leading to torsion Z/2Z x Z/6Z and rank at least 1
are the following:
1+ 15a®
9a
v=—3(a—1)ala+1)
_3(-1+a)a(l+ a)(—1+ 3a)(1 + 3a)(5 + 3a?)
(1+ 15a2)?

6.6. Rank 3 for the torsion group Z/2Z x 7Z/6Z. Now we prove the ex-
istence of infinitely many elliptic curves with rank at least 3 and torsion group
Z/27 x Z/6Z parametrized by the points of a positive rank elliptic curve. In fact
it is enough to see that the equation wq(r) = wa(s), i.e.:

2(74+7r%) 5—2s+s°
~7—2r+7r2 -5+ 52
has infinitely many solutions. This is the same as solving

—35+10r — 1572 — 145 — drs + 2r2s + 2182 + 2rs®> + 7252 = 0

in rational terms, so the discriminant A = 49 — 7r + 20r2 4+ 2 + r* has to be
a rational square. But t? = 49 — 7r 4+ 2072 + 73 + r? has a rational solution,
(r,t) = (1,8) for example, hence it is birationally equivalent to the cubic y? =
23 — 4322 + 2802 whose rank is 1, as proved with mwrank [Cr], with a generator of
Mordell-Weil group (7, 14). This and the independence of the corresponding points,
implies the existence of infinitely many solutions parametrized by the points of the
elliptic curve. Indeed, by the Silverman specialization theorem, it suffices to find a
specialization of
y2 =23 + AAQG(U))Z‘Q + BBQﬁ(’LU)JZ

for which the three points with z-coordinates —(—5 + w?)(4 + w?)?(—16 + 5w?),
2(—8+w?)?(—2+w?)? and (—8+w?)(—5+w?)(—16+5w?)w* are independent. The
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generator (7,14) induces the parameters r = 217/33, s = 89/35 and w = wq(r) =
wa(s) = 1954/449. Thus, we get the curve

3751225473815816788782317056

Y2 _ X3 X2
+ 1651850457757840166401 +
609339898827606056210059338007412065623209715746013184

2728609934794786099979217508324695369292801

with three independent points with z-coordinates

—953445536472658169411321600/1651850457757840166401,

387353794467528477190174845567232/333014704134438335386608001,

1433276751300744738847166707777792/333014704134438335386608001.

7. Examples of curves with high rank

7.1. The case of torsion group Z/8Z. The highest known rank of an elliptic
curve over Q with torsion group Z/8Z is rank 6 curve found by Elkies in 2006. See
[Du2]| for the details of this curve.

The following list includes examples of rank 5 curves found in the rank 1 families
of subsection 4.1. The first column indicates the number of the family and the
second the value(s) of the parameter producing a rank 5 curve. The indication (L)
means that this curve has been previously found by Lecacheux.

Family number w values
) 287

109

, 7387

837 157’

. 87 25

28" 12

317

5 ﬁa

28 100 . 304
2 (L), =
79 29 U 55

7.2. The case of torsion group Z/27Z x 7Z/6Z. The highest known rank of
an elliptic curve over Q with torsion group Z/2Z x 7Z/6Z was found by Elkies in
2006. See [Du2] for the details of this curve. It has rank 6 and it can be seen to
correspond to the value u = —1—36 in the family with rank 2 included in subsection
6.2. For u = 1% we get a curve with rank 5.

The following list includes examples of rank 5 curves found in the rank 1 families
of subsection 4.2. The first column indicates the number of the family and the
second the value(s) of the parameter producing a rank 5 curve. The indication (L)
and (D) means that in these cases the curves were found previously by Lecacheux

and Dujella respectively.
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Family number w values
1 306
11

53 127
— (D), ——— (L
3 = (D), —o (L)
31
° o)
‘ 134l
437 33
115 142 391 1011
7 — — D), =, ———
6 33 (D), 387" 551
. 302
161
9 44 40 172 214 284

61’ 57’ 1917 163’ 197
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