FIBONACCI NUMBERS AND HOLDER INEQUALITY

ANDREJ DUJELLA!, JULIJE JAKSETIC2, AND JOSIP PECARIC3

ABSTRACT. The article establishes a chain of inequalities with power sums
using Hélder’s and Cauchy’s inequalities and their conversions. Subsequently,
applications are made to power sums whose terms are composed of Fibonacci
numbers, for which the sum can be calculated with an appropriate choice of
exponents.

1. INTRODUCTION
Fibonacci sequence. The Fibonacci sequence is defined recursively with
F():O, F1:1, Fn: n—2+Fn—1a n:2,3

Fibonacci numbers can be calculated using the formula

Fp=—=(" = (¢ = V5)"),

Sl

where ¢ = 1+2‘/5,n € N.

In [14], the following inequality with Fibonacci numbers can be found.

Theorem 1. Let n be a positive integer and £ an integer. Then,

1 1 1
(F{ + F{ + ...+ F}) <W+W+...+W> > F2F?,
1 2 n

holds, where F}, is the n'* Fibonacci number.
The previous theorem is generalized in the paper [1].
Theorem 2. Letr,s € R with r + s > 4. Then, forn > 1,

SOFLY Fp > (FuFop)®.
k=1 k=1

(1.3)

The sign of equality is valid in (1.3) if and only if n =1,2 orn >3, r =s=2.

Power sums, Ho6lder and Cauchy inequality. We present some results that

will be needed in the exposition.

Let us denote, for a € R and x = (z1,...,2,) € R}

Key words and phrases. Fibonacci sequence, power means.
1



2 ANDREJ DUJELLA', JULLJE JAKSETIC?, AND JOSIP PECARIC?

Proposition 1. If a > 3 > 0 then

(st )" < (s 00) " (15)
(See [9, p. 4].)

Theorem 3 (Holder). Let x, y € R}.
(i) Ifp>1andq= p’%l, then

Zn:xiyi < (Slf] (x))l/p (57[3] (y)>1/q. (1.6)

(ii) If0<p<1landqg= p%v then the reverse inequality holds in (1.6).
(See [9, p.26] and [15, p.113].)

Corollary 1 (Cauchy). Let x, y € R’}

ixzyz < (ST[LQ] (X))l/2 (SE] (y))l/g. (1.7)

([9, p.16] and [15, p.131].)

Theorem 4 (Holder’s conversions). Let x, y € R", % +% =1 0<m< M,
m<a/y? <M, i=1,...n.
(i) If p > 1, then
(M—m)ZmZ—i—(mMp—Mmp) ygg(Mp—mp)kayk (1.8)
k=1 k=1 k=1

and if 0 < p < 1, then reversed inequality in (1.8) is valid.
(ii) Ifp > 1, then

n p / p l/q n
(Z fUZ) (Z yg) <A wun (1.9)
k=1 k=1 k=1
where
A= |MP =P [p(M = m)| P g (M —mMP)[ 7
If 0 < p < 1, then reversed inequality in (1.9) is valid.
(See [11, p.64] and[15, p.114].)
Theorem 5 (Cauchy’s conversions). Let x, y € R and
0<my <x; < My, O<mo<y; <My, i=1,...,n.

Then, the following transformations of Cauchy’s inequality hold:



NBONACCINUMBERSANDIKHDERINEQUAUTY 3

(Zk(gk)l(g;k ) i ( F \/17 > (1.10)

etk Dk 1xkyk < <M1) <m1> 7 (L11)
Dohe1 TRYE  Dopy Yk ma Mo
2
n n n 2
n
<Z xi) <Z y,%) - ( xk?Jk) < (M) My — mymy)? (1.12)
k=1 k=1
N, ma M 9
R vl BTl Bl Sl I W 1.13
;yk M,y my 2 kTS ( )Z kYk- ( )

The above theorem can be found in [11, p. 61]. The inequality (1.10) was proven
n [13], (1.11) in [17], (1.12) in [12], and (1.13) in [6].
2. PRELIMINARY RESULTS
Theorem 6. Letp > 1,9 = ﬁ? x=(21,...,2,) € R}.
(i) Ifxe; >1,i=1,...,n, and if u,v € R, az%—t—g and o > 3 > 0, then

s @) " (s @) " 2 8 @)
1 B/

> (51 @)™ 2 s ) 2 (sl ) (2.1)
(ii) Ifu,v € R, suchthata—%—i—% and 0 < a < 3, then
(509 @) ™" (s @) " = i) (@) > (s ()" (22)
Proof. (i)
n p s op 1/q n n 1/q
£ (84 ) (Eem)
k=1 k=1

> qu/p v/q _ Z‘T Z xf o/B (2.4)
k=1
& a/B
B
> - 2.5
(157 s

> zn: ) (2.6)
k:1n e
> <Z x?) : (2.7)
k=1

where in (2.4) we used Hélder’s inequality with substitutions x; — z; u/p , Yi — xv/ a
Then, in (2.5), we used Jensen’s inequality for the function x +— :z:o‘/ﬁ, a > f,
and in (2.6), we used the monotonicity of the exponential function = +— b*, b =
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B |
n Zk:l Ly = L.
(ii) Similar as in (i)-part, we apply Holder’s inequality and then the moment in-
equality (1.5). O

Remark 1. Observe that the condition x; 2 1, i =1,...,n in the (i)-part of the

Theorem can be weakened to the condition L Zk 1 /,j > 17 as used in (2.5).

The above proof can also be adapted for the following theorem, which uses the
reverse Holder inequality.
Theorem 7. Let0<p<1,q= p—l, X = (x1,...,2,) € R}.
(i) Ifu,v € R, az;—i-g and o > 3 > 0, then

(st @) " (s @) " ssi @ < (P @) ey
(i) Letx; > 1, i=1,.. Ifu,v €R, sucha =%+ and 0 < a < f3, th
[u]ll 61/: ) (3 o 'f[La] u,v sucn « » q an « . en »
(st )™ (st @) " <8 @) < g (507 @)™ < ) < (817 @)

(2.9)

The results from Theorems 6 and 7 can be further extended using the conversions
from Theorem 4.

Theorem 8. Let u,v € R, such that o =

u—v u—v

m= mln{x }and M = max{x 1.
(i) If p> 1 then

% If x = (21,...,0p) € RY,

(M —m)SM (z) + (mMP — Mm?) S (z) < (MP — mP) ZS,[{)‘] (x) (2.10)
k=1
and if 0 < p < 1 then reversed inequality in (2.10) is valid.
(ii) If p > 1, then

1/ 1/
(st @) " (skT @) < Asl (@) (2.11)
where
= |MP —m?| [p(M —m)| =7 g (MP —mMP)| /1.
If 0 < p < 1 then reversed inequality in (2.11) is valid.

u/p v/q

Proof. By substituting z; — x,”" and y; — x;’" into Theorem 4, we observe that

u—v u—v

the condition m < x; /yQ/p < M is fulfilled for m = mlnx and M = maxz;” ,

and that the inequalities (1.8) and (1.9) transform 1nt0 (2.10) and (2.11). O

Similarly, from the Cauchy conversions in Theorem 5, we obtain the following
theorem:
Theorem 9. Let x € R}, w,v €R, a =3 + 3 and
R u/2 o w/2 . v/2 v/2
my =min{z,;’ "}, M1 =max{z;""} and mo=min{z, "}, My = rnax{:n }.
1 K3 K3

Then
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S (z) SW () 1
1g<57[?])> 4(,/ 1/ ) (2.12)

so-gos(@-@). e

2
S (@) S (@) — (s (x)) < (MM, — myma)? (2.14)
and
M. M. m
gl ma 2S[u] ( 2+ 2)5[“] 215
B @)+ e 2t @ < (2 + 57 ) skl @), (215)

3. APPLICATIONS

In this section, we provide applications by estimating the sums of powers of
sequences whose elements include Fibonacci numbers. The inequalities become in-
teresting when we have exponents for which the sum can be calculated explicitly.

In the papers [1], [2], and [14] the identity

Z F?2=F,F,, (3.1)
is used. Using our notation, z; = F;, ¢ = 1,...,n (3.1) can be rephrased as
ST[’LZ] (X) =F oyt (3.2)

If we relate (3.2) with Theorems 6 and 7 under 5 = 2 and observing that condi-
tion z; > 1 is satisfied, we get the following Theorem.

Theorem 10. (i) Let p > 1,q = 1% and let u,v € R such that o = % + 2 > 2.

Then
n p s p 1/q n
(Er) (En) =g
i=1 i=1 i=1

1
>~ (FuFa1)®? 2 FuFoy 2 (Z
» T

u v
p q

n

(it) Let p > 1,q = ;25 and let u,v € R such that o =

n 1/p / p 1/q
(Z F) (Z F) 2 ZF“ (FnFni1)?. (3.4)
i=1 =1

(iti) Let 0 < p < 1, q:p%l andletu,UERsuchthata:%%—gz?. Then
n 1/p n 1/q
(ZF> (ZF ) < ZF“ (FuFur)™”.
i=1 i=1
(iv) Let 0 < p < 1, q:p% andletu,veRsuch that a = 2 + 2 < 2. Then
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n a/2
1 o o
<~ (FaFu1)™? < FuFoir < (ZE ) .

o
n2
i=1

Remark 2.

(i) Note that if we set p =2 (Cauchy case) in the (i)-part of Theorem 10, then
the chain of inequalities in (3.3) provides a refinement of (1.3).
(ii) Observe that the analysis of equality in (3.3) (or (1.3)) is now simpler using

1
the central terms Y .| F{* and —— (FuFpi1)™? .
n2

The previous results can be extended using Holder’s transformations from The-

orem 8, with z; = F; and 57[12] (x) = F,, Fy,41. Observe that due to the monotonicity
of the Fibonacci sequence, we have

u—v u—v u—v

P )= min{FlT,Fﬁ} and M = max{xﬁ} = max{Flﬁ,FnT}.

Theorem 11. Let p > 1,q = ﬁ, u,v € R such that % —|—§ =2 and let m =
min{ F} v ,Fn%} and M :max{F1; ,Fn; }.
(i) If p > 1 then

(M =m) Y F"+ (mMP — MmP) > F < (MP —mP) FF, 11 (3.5)
i=1 i=1

and if 0 < p < 1 then reversed inequality in (2.10) is valid.
(ii) Ifp > 1, then

n /p / n l/q
(Z Ff) (Z F;’) < NF,Fpyq. (3.6)
i=1 =1

A= [MP = m?| |p(M —m)| "7 g (M —mMP)| 71
If 0 < p < 1 then reversed inequality in (3.6) is valid.

where

We will apply Cauchy’s transformations from Theorem 9 to the following identity
1+ (=)™

z;=FiFi1, i=1,...,n; SH(x)=F2, - 9

7

(3.7)
(see [8]).
Here, again due to the monotonicity of the sequence x;, we have that for any
u,v € R
my = min{z;"?} = min{(FF)", (FyFoia)"?),
My = max{z}’*} = max{(F1 Fy)"/2, (Fo Fp11)"/?}
and similarly
my = min{(F1 F)"/?, (FFui1)"/?}, My = max{(Fy F2)"/?, (FyFni1)"/?}.
We now use Theorem 9 with a =1 to utilize the identity from (3.7).
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Theorem 12. Let u,v € R, u+v =2 and
my = min{(FyF2)"/?, (FoFog1)"?}, My = max{(F1F)""?, (F,Fpy1)"/?}

mg = min{(F1 F)"/2, (F,Fn41)"?}, My = max{(F\F5)"?, (F,Fny1)"?}.
Then

1< Yim(FiF)" 3 (FiF)” 1 [MiMy - [mame (3.9)
FnFn+1 _ HTU" 4 m1m2 MlMQ ’

Y (FiFi)" FaFngn — M < (M1> (ml> 39)
FnFn+1 - w Z?:l(Fze-‘rl) - mo M2 ’ :
- - +(—1)"

2
1 n?
> (FiFip1)" Y (FiFiyq)" — <FnFn+1 - 5 ) < o (MM — mimy)°,

=1 i=1
(3.10)

n
meo Mo Mo mo 1+ (_1)n
FiF) + T2 2NN )" < (2 T2 ) (FuFgn — — )
S (FFay +Mlm1;< s (g 5 ) (B - =
(3.11)

4. CONCLUDING REMARKS

We have demonstrated how, by using Theorems 6, 7, 8, and 9, as well as the
identities (3.7) and (3.2) related to Fibonacci numbers, a series of inequalities can
be derived, as shown in Theorems 10, 11, and 12. In the following lines, we present
additional identities that can be utilized in a similar manner.

Fori=1,....n,z;=F;, =1, S (x) = F,.5 -2, 8, p. 11]
z; = Foq, B=1, SH(x) = Fy, 8, p. 11]
z;=Fo, B=1, SH(x) = Fppy1 — 1, 8, p. 11]
x;, =1iF;, B=1 S (x) = Fhyo— Frys+2, [8, p. 11]
x; = FiFs;, B=1, SN (x) = F,Fyy1Fopa, [16]
x;=Fy o, B=1, Sn (x) = F2,, [8, p. 61]
;= (’Z)F B=1, S (x) = Fy, 8, p. 61]

o+ 1
fori=1,....2n+1, 2; = F} (”:r >,B2, SP . (x) = 5"Fans1, [8, p. 56]

Particularly interesting are those identities involving Fibonacci numbers for

which the sum S (x) =", x¥ can be calculated for several different choices of
a € R. For example, with the choice o = —1, x; = F; F; 12, we have (see [8])

1
Sl (x)=1— ———. 4.1
100 =1 (1)
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Furthermore, by continuing the calculations, we obtain

n n

S (x)

= i=1 i=1

3

14 (—1)"
_ +ZFF1+1 FoyFppy + F2,, — %

) 1+ (=1
—

These two facts are used in the following theorem.

— LI'n41 FrL+2 -

Theorem 13. (i) Let p > 1 and let 8 < 1. Then

Fn+1Fn+2 2

(i) Let p > 1 and let B > 1. Then

n 1/p 1 Ple 1+( 1"
F.F, 5)%» 1 [ > Fpi1Fppg — ————2
(Swmart) (1 5te) 7 2 B 5
" 1/p
= (Z(Fz’Fi-&-Q)ﬁ) :
=1

(ii) Let 0 < p <1 and let 8 > 1. Then

i—1 F7L+1Fn+2 2

ne i=1

(iv) Let 0 <p <1 and let § < 1. Then

pt FoiiFogo

n 1/8
< <Z(Fin‘+2)'8> .

i=1

Proof. First, observe that the condition x; = F;F;10 > 1, i =1

n 1/p p—1
_ 1 z 1+ (~1)n
(Z(FiFi+2)2p 1) (1 - ) < Fopifngs — Ly

n 1/p p—1
_ 1 B 1+ (=1)"
<Z<F1Fi+2)2p 1) (1 - > < Fpy1Fopq — D"

Z FiF o= ZE(E + Fi) = Z(Ff + FFiq) =
=1

(4.2)

n 1/p 1 el |4 (—1)
(Z(FiFi+2)2p_l> (1 - ) > Fppibppe ————— 2
n 1/5 n 1 + (_l)n ﬁ
B | <Z(FiFi+2)ﬁ> > (FFi2)’ > (Fn+1Fn+2 - ) :
n i= i=1

IN

n 1/8 n P
! 1+ (—1)"
< 1 9 (Z(FzeJr?)B) Z FFZ+2 5 < <Fn+1Fn+2 — ()) )

.,n is satisfied

in Theorems 6 and 7. In the expression a = % 4+ 2 from the mentioned theorems

we choose @ = 1 and v = —1, and we utilize the identities (4.1) and (4.2).

O
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Cauchy, Fibonacci, Lucas, and Vandermonde. Here, we simply mention that
some interesting inequalities can be obtained through the direct application of
Cauchy’s inequalities.

(i) fweset x; =i, y; =F;, i=1,...,n then > | x;y; = nF,40 — Fy3+ 2 (see
[8, p. 11]). By application of Cauchy inequality (1.7) we get

2n+1)n(n+1)
6

(nFpig — Fups +2)° < FpFni1 (4.3)

(ii) Let us take z; = (7) , yi = F;, i=0,1,...,n. Then from [8, p. 61] we know

Yoo %iyi = Fop. Now we use Vandermonde identity

(- C)
i) \n)’
i=0
(3.1) and Cauchy inequality to get

F2 < (2:> FoFpir. (4.4)

(iii) The above model can also be applied to Lucas numbers (and similar sequences)
L, = n+1+Fn—13 n=>1,
and Lo := 2. From [8, p. 111] we have

n

> (") FiFys = (1/5) (2" Ly —2) (4.5)

i=0
and from [8, p. 56] we have

2n+1
2n+1 "
> < ; >Fi2:5 Fopya.
i=0

We set z; = Fin/(*""), vi = Fan—in/(3rT)),i = 0,1,...2n + 1. Using (4.5) for
n — 2n + 1, symmetry of binomial coefficients and Cauchy inequality we get

22 L1 < 5"y + 2.
Thus, we have proven the following theorem.

Theorem 14. For any n € N, the following holds
2n+1)n(n+1)

(NFpis — Foys +2)° < 5 FoFpy1, (4.6)

F22n S <2:) FnFnJrla (47)

22" Lopy1 < 5" oy + 2. (4.8)
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