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ABSTRACT

For a prime p, a Diophantine m-tuple in I, is a set of m nonzero elements of I, with
the property that the product of any two of its distinct elements is one less than a
square.

In this paper, we present formulas for the number N™ (p) of Diophantine m-tuples
in F, for m = 2,3 and 4. Fourier coefficients of certain modular forms appear in the

formula for the number of Diophantine quadruples.

1
We prove that asymptotically N (p) = I A o(p™), and also show that if

9(5) m!

p > 22"72m?2, then there is at least one Diophantine m-tuple in Fp.

m

1. Introduction

A Diophantine m-tuple is a set of m positive integers with the property that the product of
any two of its distinct elements is one less than a square. If a set of nonzero rationals has the
same property, then it is called a rational Diophantine m-tuple. Diophantus of Alexandria found
the first example of a rational Diophantine quadruple {1/16,33/16,17/4,105/16}, while the first
Diophantine quadruple in integers was found by Fermat, and it was the set {1, 3,8,120}. It was
proved in [Duj04] that an integer Diophantine sextuple does not exist and that there are only
finitely many such quintuples. Recently, He, Togbé and Ziegler [HTZ] proved there does not exist
an integer Diophantine quintuple. On the other hand, it was shown in [DKMS16] that there are
infinitely many rational Diophantine sextuples (for another construction see [DujKaz]), and it
is not known if there are rational Diophantine septuples. For a short survey on Diophantine
m-tuples see [Dujl6].

One can study Diophantine m-tuples over any commutative ring with unity. In this paper,
we consider Diophantine m-tuples in finite fields F,,, where p is an odd prime. In this setting, it
is natural to ask about the number N (p) of Diophantine m-tuples with elements in F,, (we
consider 0 to be a square in F)).

Since half of the elements of I’ are squares, heuristically, one expects that a randomly chosen
1
m-tuple of different elements in IF will have the Diophantine property with probability W, ie.
2\ 2
1 pm

we expect N (p) = NG + o(p™). We prove this asymptotic formula at the end of Section
(%) m!

6.
We can describe numbers N (™) (p) geometrically in the following way. Let V,, be the m
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dimensional variety in m + ( ) dimensional affine space given by the equations a;a; +1 = t?j
for 1 < i < j < m, where the coordinates are a; for 1 < i < m and #;; for 1 <7 < j < m.
Let U,, C V,, be the open subset where all a; are nonzero and pairwise distinct. The group

= {:l:l}(gl) X Sy, acts on V,,, and on U,,, the first factor by changing the signs of ¢;; and the
second by permuting the indices. Then N (p) is the number of Gy,-orbits in Uy, (F,).

The main theorem of the paper gives an exact formula for the number of Diophantine quadru-
ples N (p) given in terms of the Fourier coefficients of the following modular forms.

Let
gbm)qn e s (ros. (7))
i:o:c(n)q" € S3 <F0(16), (:4)> ,
()

n=1

d(n

f(r) =
fa(7) =

n)q" € Sy (Lo(8)),
fa(r) =

=2
ie n)q" € Ss <F0(4)7 <_.4>> ,

n=1

be the unique rational newforms in the corresponding spaces of modular forms. Here Si(I'o(V), x)
denotes the space of cusp forms of weight k, level N and nebentypus . Note that all modular
forms except f3(7) are CM forms so we have explicit formulas for their Fourier coefficients which
are given in Section 4.2.

THEOREM 1. Let p be an odd prime. Denote by q(p) = e(p) —6d(p) + 24b(p) — 24¢(p). Then, the
number N® (p) of Diophantine quadruples over F, is given by the following formula:

24164 ( * — 24p® + 206p® — 650p + 477 + q(p ) , ifp=1 (mod 8),
The o (p* — 24p® + 236p? — 1098p + 1761 + q(p)), if p=3 (mod 8),
sier (p* — 24p® + 206p% — 698p + 573 + q(p)), if p=5 (mod 8),
ﬁ (p4 — 24p® + 236p® — 1050p + 1761 + q(p)) ifp="7 (mod 8).

N (p) =

An elementary upper bound for the Fourier coefficients of cusp forms (see Chapter 5 of
[Iwa97]) implies that g(p) = O(p®/?), so we have N (p) = sieipt + O(p?), which is consistent
with the heuristics mentioned earlier.

In addition to this, using a more elementary approach of character sums, in Proposition 18 we
derive formulas for the number of Diophantine pairs N () (p), and in Proposition 21, by mapping
V3 birationally to the affine hypersurface given by (22 —1)(y? — 1) = 22 — w?, we derive formula

for the number of Diophantine triples N®)(p) in Fp.

For a general m it is natural to ask how large p must be so that there is at least one
Diophantine m-tuple in [F,,. In Theorem 17, we prove that this is the case if p > 22m=2p?2

The rest of the paper is organized as follows. In Section 2, we construct a 2-to-1 map Vy — C,
where C is fiber cube of the curve Dy : (22 — 1)(y? — 1) = t over P'. This map give rise to a
correspondence between the set of Diophantine quadruples {a, b, ¢, d} and the set of admissible
triples (Q1, Q2,Q3) of Fy-points on the curve Dy, for some ¢ € F) such that each admissible
triple corresponds to one or two Diophantine quadruples. If ¢ # 0, 1, the curve D, is birationally
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equivalent to the elliptic curve F; : V2 = U3 — 2(t — 2)U? + t2U, with the distinguished point
R = (t,2t) of order 4. Hence we identify D,(F,) with E,(F,) := E;(F,) \ {O, R, 2R, 3R}.

If t # 0,1 we say that the triple (Q1,Q2,Q3) of points on Et(IFp) is admissible if and only
if U(Q1 + Q2+ Q3 + R) is a square, and if for no two @; and @Q; with i # j, we have that
Qi = £Q; + kR, where k € {0,1,2,3}. For the definition of admissibility when ¢t = 1 see the end
of Section 2.

In Section 3, we find a formula for N¥)(p) by counting admissible triples on F(F,) for each
t. The formula can be written as a linear combination of sums of the form ), x(,) P (t)*, where
X is one of the modular curves (for definitions see Section 4.1 )

X1(4), X1(8),X(2,4), X(2,8)
and P(t) is the number of [F,-rational points on the fiber above t of the universal elliptic curve

over the modular curve X, and k € {0,1,2,3}.

In Section 4, using universal elliptic curves over the modular curves introduced above, we
define certain compatible families of /-adic Galois representations such that the trace of Frobenius
Frob, under these representations is essentially equal to the sums above. On the other hand,
these representations are isomorphic to the f-adic realizations of the motives associated to the
spaces of cusps forms of weight k£ 4+ 2 on the corresponding groups, which enables us to express
the traces of Frobenius in terms of the coefficients of the Hecke eigenforms in those spaces.

In Section 5, using the methods from the previous section we calculate in Propositions 13-16
the sums from the formula for N (p), and prove Theorem 1.

In Section 6 we obtain formulas for N (p) and N ®) (p), and prove Theorem 17 together with
an asymptotic formula for N (p).

2. Correspondence

Let (a,b, c,d) be ordered Diophantine quadruple with elements in IF,,, and let
ab+1=1t3, ac+1l=t, ad+1=1t,
be+1=1t3, bd+1=t3,, cd+1=1t3,.

It follows that (t12,t34,t13, t24, t14, t23,t = abed) € IF'; defines a point on an algebraic variety
C over I, defined by the following equations:

(th =1t —1) =t
(th —1)(t34 — 1) =t
(15— D)(t53 — 1) = t.

Conversely, the points (tt19, *t34, £t13, £tog, tt14, £tos, t) € IF; on C determine two ordered
Diophantine quadruples £(a,b,c,d), provided that the elements a,b,c and d are Fp-rational,
distinct and non-zero. Here, we take a = +/(t3, — 1)(t3; — 1)/(t3; — 1) to be any square root,
while b, ¢ and d are defined using identities ab+ 1 = t2,, ac+ 1 = t?; and ad + 1 = t3,. It follows
from this definition and the equations defining C that be+1 = 35, bd +1 = 13, and cd + 1 = t,.
Also, if only one element of quadruple is [F)-rational, then all the elements are IF,-rational.

The projection (t12,t34, t13, to4, t14, t23,t) — t defines a fibration of C over the projective line,
and the generic fiber is a cube of D; : (22 — 1)(y* — 1) = t. Any point on C corresponds to
the three points Q1 = (t12,t34), Q2 = (t13,t24) and Q3 = (t14,t23) on D;. The elements of a
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quadruple corresponding to these three points are distinct if and only if no two of these points
can be transformed from one to another by changing signs and switching coordinates (e.g. for
the points (t12,t34), (—ts4,t12) and (t14,t23), we have that a = d).

The curve Dy for t € [, is birationally equivalent to the curve
E V2 =U3-2(t - 2)U? + t*U.

The map is given by U = 2(2? — 1)y + 222 — (2 —t), and V = 2Uz. The family F; over the t-line
together with R = (t,2t), the point of order 4, is the universal elliptic curve over the modular
curve X1(4) (we identify P! with X7(4) such that cusps of X;(4) correspond to t = 0,1 and c0).
It is easy to see that the affine [F)-points on the curve D; are in 1 — 1 correspondence with the
set E(F,) := Ey(F,)\ {O, R, 2R, 3R}.

If t #£ 0,1 the curve E} is an elliptic curve, so in our analysis of Diophantine quadruples we
will naturally distinguish two cases t = 1 and ¢ # 0,1 (note that ¢ = 0 would imply that one of
the elements in quadruple {a, b, ¢, d} is zero).

If t = 1 then there is a singular point (—1,0) on the curve E; : V2 = U(U + 1)? which
corresponds to the point (0,0) on Dj.

IfQ e Et(IFp) is the nonsingular point that corresponds to the point (z,y) € Dy(F,), then
a direct calculation shows that the points —@Q and @ + R correspond to the points (—x,y) and
(y, —x) respectively. Hence the following lemma follows.

LEMMA 2. Let t € F). The triple (Q1,Q2,Q3) € Ey(F,)? corresponds to the quadruple whose
elements are not distinct if and only if there are two nonsingular points, Q; and @Q; with i # j
such that Q; = £Q; +kR, where k € {0,1,2,3} or if at least two points in the triple are singular.

A short calculation shows that for the point (U, V) € E(F,) corresponding to (z,y) € D; we

have
21— (;;)2 1-U <U2;t>2 — F(U, V).
Since
at = TG _ y1(G10(Qa)0(Qs)t = UV(@OU@QV(QU(R)  (mod B;?)
for the rationality of a it is enough to prove that U(Q1)U(Q2)U(Q3)U(R) is a square in F2.
Ift =1and Q = (U,V) € Ey(F,) is a nonsingular point, then f(Q) = iy g is

always a square in [, hence the triple (Q1, Q2,Q3) € E, (F,)? of distinct points corresponds to
the quadruple whose elements are IF,-rational if and only if —1 is a square in F,, (since —1 is
U-coordinate of the singular point) or if all the points @; are nonsingular.

For t # 0,1, since (0,0) € E¢(F,) is a point of order two, there is an elliptic curve E; defined
over F, and 2-isogeny ¢' : E; — E,; such that ker¢ = ((0,0)). Denote by ¢ : E; — E; the
dual isogeny of ¢', and by T := ¢(E,(F,)) C Ey(F,) index two subgroup of E;(F,) consisting of
points {O, 2R} and of points P such that U(P) is a nonzero square (see the proof of the following
lemma).

LEMMA 3. Ift # 0,1 then the triple (Q1,Qa,Q3) € E¢(F,)? corresponds to the quadruple whose
elements are IF)-rational, if and only if

Q1 +Q2+Q3+ReTy.
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Proof. There is an injective descent homomorphism &4 : Ey(F,)/¢(E,(F,)) — HY(F,, E,[¢]) =
FX/Fx? (see Section 2 of [MS10]), which maps point (U, V) ~— U if U # 0, and points 2R =
(0,0), O + 1. Hence we see that Ty = ¢(F,(F,)) consists of points P such that U(P) is a square
and the point O.

It follows that

U(QU(Q2)U(Q3)U(R) = 64(Q1+ Q2+ Q3+ R)  (mod F;?),

hence the claim follows. O

We call a triple (Q1, Q2, Q3) € E; (Fp)3 admissible if it corresponds to a Diophantine quadru-
ple. It follows from Lemma 2 and Lemma 3 that this holds if and only if the following is true

a) t#0,
b) there are no two nonsingular points Q; and Q; with ¢ # j such that Q; = £Q; + kR for
some k € {0,1,2,3} and there not two singular points Q; and @Q); with i # j.

c) ift #0,1 then @1 + Q2+ Q3+ R € Ty or if t = 1 then all @;’s are nonsingular or —1 is a
square in [f),.

3. Counting admissible triples

The main idea of this paper is to count the number N (p) of Diophantine quadruples over Fp,
by counting the admissible triples (Q1, Q2,Q3).

Since each pair of ordered Diophantine quadruples +(a, b, ¢, d) correspond to several admissi-
ble triples, we count each admissible triple (Q1, Q2,Q3) with certain weight w = w(Q1, Q2, @3).

We choose w such that % is equal to the number of admissible triples that correspond to the
same ordered pair of Diophantine quadruples as (Q1, Q2, @3).

Thus, if for ¢t € Fp\{0,1}, we denote by

W(t) = % Z w(QlaQ27Q3)7
" (Q1,Q2,Q3)

where the sum is over all admissible triples (Q1,Q2, Q3) € E¢(F,)3, then W(t) is equal to the
number of Diophantine quadruples {a, b, ¢, d} with abed = t.

Diophantine quadruples with abcd = 1 (corresponding to the singular fiber Dy ) will be counted
separately (see Proposition 7) - we denote their number by W(1). Our goal is to evaluate the
sum

NO@p) = 37 W),

teFy

For every Q € Ey(F,), denote by [Q] the set {Q + kR, —Q + kR : k € {0,1,2,3}}. We call
such a set the class of Q. Note that #[Q] = 8, unless [Q] contains a point of order 2 (different
than 2R = (0,0)) or a point Q" such that 2Q" = +R, in which case #[Q] = 4. Note that for an
admissible triple (Q1, Q2, @3) the classes [Q1], [Q2] and [Q3] are disjoint.

LEMMA 4. Let (Q1,Q2,Q3) be an admissible triple. If there exists k € {1,2,3} such that [Q] =
[T] for some T € E(F,)[2]\{2R}, then w(Q1,Q2,Q3) = 27%, otherwise w(Q1, Q2, Q3) = 275.

Proof. If we fix the pair of ordered Diophantine quadruples +(a,b, ¢, d), then for each choice of
the signs +t;; there is one admissible triple (Q1, Q2, Q3) corresponding to it. Since t # 1, at most
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one t;; can be equal to zero, and this will happen if and only if the class of one of the points
Q@ contains a point of order two different from 2R (since if Q) corresponds to (z,y) in Dy, then
—Qk, Qr + 2R and —Qj, + 2R correspond to (—z,y), (—z, —y) and (x, —y) respectively). In this
case w = 274, otherwise w = 27°. ]

For t € Fp,,t # 0,1, denote by P(t) = #E;(Fp). In the rest of the section, we will express W (t)
o __PM) . : o
as a polynomial in Q(t) := —~ using following counting idea.
Let C = {C1,...,Cy} be the set of all classes [Q] C E4(FF,). Define w(C) = 1 for all classes
C except w([T]) = 2, where [T] is the class that contains a point of order 2 different from 2R (if

such element exists). Then for t # 0,1, it follows from Lemma 4 that 4!- W(t) is equal to

2% Y w(@w(@)w(C")#{(Q1,Q2,Q3) €C x C'x C": Q1+ Q2+ Q3+ ReTy},

{c.cr.cmice

where the sum is over three element subsets of C. To evaluate this formula we will need some
additional information about the structure of Ey(IF,).

In what follows, T" always denotes a 2-torsion point in Fy(IF,) different from 2R and () denotes
a point in Ey(F,) such that 2Q = R (if these points exist). We denote by S;, S} and 57 sets of
t # 0,1 such that F;(IF,) has respective properties:

So: T and @ both do not exist and R ¢ I'y,

S1: T exists, but @ does not and R ¢ Ty,

ST T exists, but @ does not and R € I'y,

Sh: T does not exist, but @ does and @ ¢ Ty,
S4: T does not exist, but @ does and @ € I'y,
S3: T and @ both exist and Q € Ty, Q + T ¢ T'y,
S5 T and @ both exist and Q,Q + T ¢ I'y,

S4: T and @ both exist and Q,Q + T € I'y.

PROPOSITION 5. Let p be an odd prime and t € Fy,,t # 0,1. Then t is an element of one set
defined above. The expression for 4!-W (t) in terms of Q(t) = #E(F,)/4 is given in the following
table (the sets not included in the table are empty).

p=1 (mod 4) 41- W (t)
t €S Q(t)* —9Q(1)* + 23Q(t) —
tes Q(t)° - 6Q(t)* + Q(t
te sy Q(t)* - 6Q(t)* + Q(t
t €S, Q(t)* —9Q(t)* + 32Q(t) —
te Sy Q(t)> —9Q(t)? + 32Q(t) — 48
t €S Q(t)* — 6Q(t )2 4+ 14Q(t)
te Sy Q(t)? —6Q(t)? + 14Q(t) — 24
p=3 (mod 4) 41 W(t)
t € So Q(t)? —9Q(t)* + 23Q(t) -
tes, Q)* ~6Q(1)° + Q(t)
tesy Q)% — 6Q(t)? +20Q(t) — 24
te s, Q)3 9Q(t)2 + 32Q(t) — 36
tesy Q) —9Q(t)? + 32Q(t) — 48
teSs Q)2 —6Q(t)? + 26Q(t) — 48




teSy: If p =1 (mod 4) then Proposition 6 implies that 7" € T';. There are by =
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For the proof of this proposition, we will need the following technical result.

PROPOSITION 6. Let p be an odd square, and t # 0,1 inF), be such that E(F,)[2] = Z/27Zx7/2Z.
Denote by T € Ei(Fy)[2] a point of order two, T' # 2R. The following are equivalent

i) U(T) is a square,

ii) p=1 (mod 4).

Proof. To prove equivalence between i) and i), note that the U-coordinates of the points of order
two satisfy U(U%+ (4 —2t)U +t2) = 0. In particular, U(T) =t —2+2y/1 —t = —(£/1 -t —1)?
is a square if and only if <_71> =1 (note that U(T) € F), implies v/1 —t € F). O

Proof of Proposition 5. Recall the formula

AW (t) = 3—; Z w(CYw(CHw(C"#{(Q1,Q2,Q3) € CxC'xC" : Q1+Q2+Q3+R € T}
{c.cr.cryce
(1)

First we consider the case when R ¢ I'; (which implies that @ does not exist), i.e. t € SoUS].
Since the only possible class of size 4 is [T], we always have w(C)#C = 8. It follows that

| |
W= Y SwlC#Cu(@FCu(CHC = S,

{c,cr.cryce {c.cr.cryce

since half of the triples (Q1, Q2, Q3) will have the property that Q1+ Q2+ Q3 € I'y (note that for
every P € E,(IF,) precisely one of P and P + R is an element of I'; since by two-isogeny descent
homomorphism we have that U(P + R) = U(P)U(R) (mod IF‘XQ) - see the proof of Lemma 3). It

follows that 4! (t) = 23 - 3! <?§C) Since #C = L Q(t Lif #F,(F »)[2] =2 (case t € S)),
)

and #C = —~* Q( ) otherwise (case t € S7) the formula in these two cases follows.

In all other cases, when R € T'y, the term w(C)w(Cw(C")#{(Q1,Q2,Q3) € C x C' x C" :
Q1+ Q2 + Q3 + R € Tt} is equal either zero or w(C)#Cw(C")#C'w(C")#C" depending on
whether an odd or even number of the classes is contained in T'y (since U(Q1 + R) = U(Q1)
(mod F;z) each class [@1] is either contained in I'; or in its complement). If we denote by C1
and C_ the sets of classes contained in I'; and its complement respectively, then the sum in (1) is
effectively over three-element subsets of C; and over combinations of one element in C; and two
elements in C_. A derivation of the formula for W (t) then boils down to the simple combinatorial
analysis of the sets C4 and C_.

We will illustrate this method in three cases.

Ltl)ﬁ_ 16 eight-

element classes [@;] in Cy together with a four-element class [T'] (and the class [R] which
we don’t count), and be = 1(6) eight-element classes [@Q;] in C_. Note that since I'; is index
two subgroup of E;(F,) the total number of elements of the union of all the classes in Cy is
equal to P(t)/2. Since for all the classes [C] we have w(C)#C = 23, following the counting
procedure outlined above (i.e. we choose any three classes from C or one class from C; and

two classes from C_) we obtain
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AW (t) = ;’é(bl ; 1) (2%)% + ;—é(bl +1) b2> (2%)?
P(t)(P(t) — 8)(P(t) — 16)

- = = QW) — 6Q(1)* +8Q(1).

If p =3 (mod 4) then Proposition 6 implies that T' ¢ I';. There are b = P(?ﬁ_g eight-element

classes [@;] in C;, and the same number of eight-element classes [@Q;] in C_ (together with
the class [T). Hence,

AW (t) = ;(g) (2%) + ;’éb(b; 1) (2%)°

1
= (P = 8)(P(t)? — 16P(t) + 192) = Q(t)* — 6Q(t)* + 20Q(t) — 24.
t € S There are b = %%_8 eight-element classes in both C; and C_, while C_ contains a four-

element class [@] (for which w(Q)#Q = 4). Hence,

AW (t) = ;i; (@ (2%)* +b-5-1(2°)%- (22) + b(Z) <23>3>

(P(t) — 8)(P(t)? — 28P(t) + 288)

— 0 = Q1) —9Q(t)* + 32Q(t) — 36.

t € S§: In this case we have three four-element classes: [Q],[T] and [Q + T]. Since @ ¢ I'; and
Q+ T € I'y it follows that T' ¢ Iy, hence Proposition 6 implies that p = 3 (mod 4).

There are b = %6716 eight-element classes in both C; and C_. We calculate (recall that
w(C)#C = 8 for all the classes [C] except [T'+ Q] and [Q)])

AW (t) = 3'<<b> (283 +1- (;’)22 (22?2 40b-1-(b+1)23-22.23

- 25\\3
1 1
+1-1- (b+1)22-22«23+b<b_£ >(23)3+1- (b; >22 - (23)2>
P(t)3 — 24P (1) + 416P(t) — 3072

64 Q(t)* — 6Q(t)* +26Q(t) — 48

The other cases are proved in the similar way.

Note that the case when R € I'y and both T" and ) do not exist can not occur since it would
imply that #I'; = 0 (mod 4), or that P(t) is divisible by 8 which is not true since there is only
one class [R] of size 4. O
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3.1 Putting everything together
Now for p =1 (mod 4) we have

AW =) (QE) +9Q(t) +23Q(t) — 15)

oy et

+ 3 (Q)* —6Q(t)* +8Q(t))

+ ;1(@(&3 —9Q(t)* + 32Q(t) — 36)

+ tGZSQ (Q(1)° —9Q(1)* + 32Q(t) — 48)
sy

+ ZS (Q(1)* = 6Q(1)* +14Q(t))

+ E (Q(1)® — 6Q(1) + 14Q(t) — 24),
sy

where we defined Sy := 5] U SY (since the formula for W (¢) in those two cases is the same). We
have the similar formula when p = 3 (mod 4).

For an odd prime p we define the following sets:

={t e F;\ {1} : #E,(Fp)[2] = 4},
TQ—{tEFX\{l} EIQeEt( ») 12Q = R},
T3 =T1NT5.

The reason for introducing sets 7; is that we can evaluate sums of the form 7 Q(t) by
relating them to the modular forms (of weight j 4+ 2) on modular curves X(2,4), X;(8) and
X(2,8).
One can check that if p =1 (mod 4) then
Ty =S US,USY, Ty =S,USfUS,USY, T3=S,US8Y%,

and so we have

AW = (QM)° —9Q(t) +23Q(t) — 15) + Y _ (3Q(t)* — 15Q(t) + 15)

1£0,1 1£0,1 teTy
+)(9Q(t) = 21) = ) " (3Q(t) — 21) — 12454 — 24455
teTy teTs

If p=3 (mod 4) then
T = SiUSi/US;),, T = SéUSé’USg, T3 = S3,
and we have

AT WE) =D Q)P —9Q()* +23Q() — 15) + > (3Q(t)* — 3Q(t) + 3)

t#£0,1 t#£0,1 teTy
+ ) (9Q(1) —21) = Y T (3Q(t) +3) — 12 Y Q(t) — 124485 + 12(#S5] — #SV — #85).
teTs teTs tesi

These formulas will be further simplified in the Section 5.
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3.2 Calculating W (1)

The curve D; : (22 — 1)(y? — 1) = 1 is birationally equivalent to the genus zero curve E; : 5% =
U(U +1)2. Analysis similar (but easier) to the one in Section 2 yields the following proposition.

PROPOSITION 7.

(r—9)(p 23218p+113)’ ifp =1 (mod 8),
(p=3)(p 3121)(10 19)’ ifp=3 (mod8),
(p=5)
(p=T7)

%, ifp=5 (mod 8),
p—7 (P—121)(P 15)7 ifp=7 (mod 8).

4. Families of universal elliptic curves and /-adic representations

4.1 Modular curves and cusps

For M,N > 1, M|N, we denote by Y (M, N) the quotient of the upper half plane by the congru-
ence subgroup I'1 (N) NTO(M). Here TO(M) = {(2%) € SLy(Z) : (24) = (+9) (mod M)}. As
a modular curve (irreducible, connected and defined over Q(Car)) Y (M, N) parametrizes elliptic
curves E together with the points P and @ of order M and N, such that P and @) generate
subgroup of order M N and the Weil pairing ej; between the points P and %Q is equal to
the fixed primitive M-th root of unity, i.e. ey (P, %Q) = ¢2m/M_We denote by X(M,N) the
compactification of Y (M, N). For more information on modular curves Y (M, N) see Section 2
in [Kato04].

In Section 5, we will need to know the number of Fj-rational cusps on modular curves
X1(8)r,, X(2,4)r, and X (2,8)p,. Following [BN16, Section 2], we briefly explain how to cal-
culate the field of definition of cusps on X (M, N).

Let r be a divisor of N. The cusps of X (M, N) represented by the points (a : b) € P1(Q),
where a, b are co-prime integers with ged(b, N) = r, all have the same field of definition, Q((as) <
F. < Q(¢n). If we canonically identify Gal(Q(¢x)/Q) with (Z/NZ)*, then F, is the fixed field of
the group H, acting on Q((x), where H, = H? := {s € (Z/NZ)* : s =1 (mod lem(M, N/r))},
if gcd(Mr,N) > 2, and H, = H? - {£1} otherwise.

It follows immediately that all four cusps of X (2,4) are Q-rational (i.e. ¢(2,4) = 4), and that
the number ¢(2,8) of F-rational cusps of X(2,8)r, is equal to

10, if p=1 (mod ),
4, if p=3 (mod 8),
6, ifp=5 (mod 8),
8, if p=7 (mod 8).

c(2,8) =

Moreover, the number of Fj-rational cusps on modular curve X;(8)r, is equal to

P

6, ifp=1,7 ds8
6(8) — ) 1 p Y (mo )?
4, if p=3,5 (mod 8).

The curves X;(4), X(2,4), X1(8) and X (2,8) have genus zero.

10
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4.2 Modular forms

Here we collect some facts about the spaces of modular forms related to the modular curves

from the previous subsection. They can be checked using Sage [SAGE] and LMFDB database
[LMFDB].

PROPOSITION 8. Denote by T, the p-th Hecke operator acting on the space of cusp forms
S3(T'1(8) NT°(2)). We have

a) dim53(f‘1(4)) = dimS4(F1(4)) =0 and S5(F1(4)) =C- f4(7‘),

b) dim S3(T'1(8) NT°(2)) = 3 and Trace(T,) = 2b(p) + c(p),

c) S3(I'1(8)) = C- fi(7),

d) S3(T1(4) NT°(2)) = 0 and Sy(T'1(4) NT°(2)) = C- f3(7).

Modular forms fi(7), fa(7) and f4(7) are CM forms, and their Fourier coefficients are given

in the following proposition. For some standard facts about CM modular forms see [Ono03, p.9].

PROPOSITION 9. Let p be an odd prime and q = e*™". We have
b) fi(r) =n*(r)n2r)n(m)n*(87) = ¢TI0, (1 — ¢")*(1 = ¢*")(1 — ¢*")(1 — ¢°")?, and
bp) — 2(z% —2y2), ifp=1,3 (mod 8) and p = z? + 2y>
Pr= 0, fp=>5,7 (mod 8),
c) fa(r) =n°(47) = qI[;2, (1 — ¢*)°, and
) +2(22 —4y?), ifp=1 (mod 4) and p = z? + 4y
C =
P 0, ifp=3 (mod 4),
d) fs(r) =n'@r)n'(4r) = ¢[[2 (1 — M) (1 = ¢™)",
e) fa(r) =n'(r)n?@2r)n'(4r) = ¢TI, (1 = ¢")*(1 = ¢*")*(1 — ¢™)*, and

() 2p% — 162%y?, ifp=1 (mod 4) and p = 2% + 32
e g
! 0, ifp=3 (mod 4).

4.3 Families of universal elliptic curves

Let E', B2, E3 and E* be elliptic surfaces fibered over the modular curves X7(4), X (2,4), X1(8)
and X (2,8) defined by affine equations (given with the sections of the corresponding orders):

E':Y?=X(X?-2(t1 —2)X +#]), Pi=[h,2t1);4P, =0
E?: Y2 = X(X +13 —2ts + 1)(X + 5+ 25 + 1),
Py=[1—-13,2(1 —t3)], Tp=[—t3+2ty—1,0;;4P, = 2T = O
E3:Y?=X(X?-205-265 - 1)+ (ts - D)*(t5 + 1) )
Qs = [(ts — 1)(t3 + 1)%, 2t3(t3 — 1) (t3 + 1)°];8Q3 =

E5Y2:X<X+&%)><X+MM—D<M+D3’

Y
Y

(t2+1)4 (t2+1)*
Q1= —16t4(ts — 1)(ts +1)% 32t4(ts — 1)(t4 + 1)3(t3 — 2t4 — 1) - [ 64t .
4_[ (#+ 1) ’ (6 +1)5 ]’4_[(ﬁ+wy]’
8Qy=2T,=0

11
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together with the maps
hi:E' = X1(4) (X,Y,t)) — t1,
hy: E? = X(2,4) (X,Y,t3) — to,
hs: B3 — X1(8) (X,Y,t3) + t3,
hy: E* = X(2,8) (X,Y,t4) — t4.

Here we identify modular curves Xi(4), X (2,4), X1(8), and X (2,8) with P! using parameters
tl, t2, t3, and t4.
We have the natural maps
g2: X(2,4) = X1(4), (B, Ty, P) — (E,P), t;=1-13
g3: X1(8) = X1(4), (E,Q3) = (BE,2Q3), t1 = (5 —1)°
1663 (g — 1)%(ta + 1)?

g1:X(2,8) = X1(4), (E,T4,Q4) — (E,2Q4), t @21 1)

Note that the maps g2 and g4 are Galois (e.g. Aut(ga) is generated by the map (F,Ts, Ps) —
(E, Ty + 2P, P»), while g3 is not (its Galois closure is given by g4).

Elliptic surfaces E', E?, E3 and E* are universal elliptic curves over the modular curves
X1(4),X(2,4), X1(8) and X(2,8) respectively (for the universality, it is enough to check that
for each i the degree of j-invariant j(E?) is equal to the index of the corresponding subgroup in

SLa(Z)).

4.4 Compatible families of /-adic Galois representations of Gal(Q/Q)

To each of these elliptic surfaces and to every positive integer k, we can associate two compatible
families of f-adic Galois representations of Gal(Q/Q). To ease notation, we denote by T';, for
Jj=1,2,3,4,groupsI'1(4),T'(2,4),T'1(8) and I'(2, 8) respectively, and by X (I';) the corresponding
modular curve.

We define the representation ,0;?74 of Gal(Q/Q) as follows. Let X (I';)° be the complement in
X (T;) of the cusps. Denote by i the inclusion of X (I';)? into X(I'j), and by R : E30 — X(T;)°
the restriction of elliptic surface h; to X (I';)°. For a prime ¢ we obtain a sheaf

Fl = R';.Qq

on X (I';)?, and also a sheaf i*Symk}"g on X(T';) (here Q is the constant sheaf on the elliptic
surface E79 and R! is derived functor). The action of Gal(Q/Q) on the Q-space

Wi, = Hy(X(T)) © Q.iSym"F))
defines f-adic representation pg?’g which is pure of weight k + 1.

The second family, ﬁ;ﬁg, is f-adic realization of the motive associated to the spaces of cusp
forms Sky2(I';). For the construction see [Sch85, Section 5].

Similarly as in [ALLOS8, Section 3], since the elliptic surface E7 is the universal elliptic curve
over the modular curve X (I';), we can argue that these two representations are isomorphic, i.e.
pﬁz ~ ,5;‘?’5. In particular, we will frequently use the following proposition.

12
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PROPOSITION 10. Let k > 1 be an integer and j € {1,2,3,4}. Denote by B the set of normalized
Hecke eigenforms in Syy2(I';). For every odd prime { # p we have

Trace(py (Froby)) = ) ag(p),
feB

where a(p) is the p-th Fourier coefficient of the eigenform f, and Frob, is a geometric Frobenius
at p.

4.5 Traces of Frobenius
To simplify ri)tation, denote F = th;»*(@g and W = HL(X(T;) ® Q,i.F). We denote by
Frob, € Gal(Q/Q) a geometric Frobenius at p. We have the following well known result.

THEOREM 11. The following are true:
(1) We have that
Trace(Froby|W) = — Z Trace(Froby|(i«F)t).
teX () (Fp)
(2) If the fiber E! := hj_l(t) is smooth, then
Trace(Froby|(i»F);) = Trace(Frob,|H (E!,Qp)) = p+ 1 — #EJ(F,).
Furthermore,

Trace(Froby|(iSym*F);) = Trace(Frob,|(i«F):)* — p,

and
Trace(EFroby|(ixSym3 F);) = Trace(Frob,|(i«F):)> — 2p - Trace(Frob,|(i«F);).
(3) If the fiber Eg is singular, then

1 if the fiber is split multiplicative,
Trace(Froby|(i«F):) = { —1 if the fiber is nonsplit multiplicative,
0  if the fiber is additive.

Furthermore, Trace(Froby|(i.Sym>F);) = 1 if the fiber is multiplicative or potentially
multiplicative (e.g. fiber EL ), and

1 if the fiber is split multiplicative,
Trace(Froby|(i»Sym>F);) = { —1 if the fiber is nonsplit multiplicative,
0 if the fiber is potentially multiplicative.

Proof. (1) is the consequence of the Lefschetz fixed point formula ([Del77], Rapport 3.2).

For good t, (i, F); = H'(E/,Qy), hence the first formula in (2) follows. Note that if A; and
Ag are eigenvalues of Frob, acting on (i), then )\If, )\]ffl)\g, ce AL A’;*l, )\’2“ are the eigenvalues
of Sym*Frob, acting on Sym*(i,F ). Since (i,Sym*F); = Sym*(i.F)t, the second part of (2)
follows (note that determinant of F'rob,, is equal to p).

In order to calculate trace of F'rob, at bad fibers, we follow 3.7 of [Sch88]. If ¢t € X (I';)(F,),
let K be the function field of the connected component of X (I';) ® IF,, containing t. Let v be
the discrete valuation of K corresponding to ¢, and K, the completion. Let GG, be the absolute

13



ANDREJ DUJELLA AND MATIJA KAZALICKI

Galois group Gal(KyP/K,), I, the inertia group, and F, a geometric Frobenius. Write H, =
HY(E’ @ K;®,Qy). Then H, is a G,-module and

Trace(Fropri*Symkf)t) = Tmce(FvI(SymkHu)I“)-

In the case of multiplicative reduction H/* is one dimensional and F, acts on it as 1 if the
reduction is split multiplicative, and as —1 if the reduction is nonsplit multiplicative. If the
reduction is additive, then H* = {0}. The first formula in (3) follows (see Section 10 of Chapter
IV in [Sil94]).

In our situation (see Lemma 5.2 and Exercises 5.11, 5.13 in [Sil94]), inertia subgroup I,
acts on H, as (é ;), where * is not identically zero, and x is the character associated to

L, = KU( %) /K. If reduction at v is multiplicative this character is unrami-

fied (or trivial), and if the reduction is additive it is ramified. Denote by Y a generator of

HI{ (F"/ L) Then a direct computation shows that Y2 and Y3 generate (SmeHv)I(ngp/ Lv)

and (Sym?H,) (Ev™"/Lv) respectively. If the reduction is multiplicative, then I, = (K3 /L,). If
the reduction is potentially multiplicative then I, acts on Y as +1. Hence (Sym>H,)!» = {0},
and (Sym?H,)" is generated by Y2. The claim follows.

O]

5. Results
To further simplify formulas for 2#071 W (t), we use the following proposition.

PROPOSITION 12. Let p be an odd prime.
a) If p=1 (mod 4) then
12(#95 + 2#55) = 3(p + 1 = ¢(2,8)).
b) If p=3 (mod 4) then
1
#S) = g(p +1—c(2,8)) and #S] — #S7 = #8S;.

Moreover,

1
S =53 Q.

tes] teTy

Proof. Consider the map

2 -1\"
g:X(2,8) = X1(4), (E,T,P)w~ (E/{T),2P +(T)), t1:<4 ) ,

where T and P denote points on E of order two and eight respectively, and E/(T) is elliptic
curve two-isogenous to ' with the kernel of isogeny equal to the subgroup generated by 7.

This map is not Galois, but, if p = 1 (mod 4) then it has the property that the number of
preimages of t; € X;(4)(F,) under g is zero unless t; € S§ U S5. To see this, let (E,T,P) €
X(2,8)(F,) and identify (E/(T),2P+(T')) with (E;,, R). In the notation of Section 2, an isogeny
E — E/(T) can be identified with ¢, and by definition ¢(P) = P + (T') is a point of order 8 on
E;, that is an element of I';,. Hence ¢; € S§ U SY.

Furthermore, the number of preimages is equal to four if t; € S5 (since 2P+(T") = 2(P+W )+
(T) for all W € E(F,)[2]) and eight if ¢; € SY. In the second case, there is an additional point

14
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S € E(F,) such that 25 = T (S is F,-rational since in this case E, (Fp)[2] C 'y = ¢(E(F,))),
hence we have that 2P + (T') = 2(P + S) + (T'), and the claim follows.
Now we have

43455 + 8455 = # (X (2,8)(Fp) \ cusps) =p+1—c(2,8),

and the claim of part a) follows.

Next, assume that p = 3 (mod 4). Using universality of the family E', we can identify affine
points (E,R) on X;(4)(F,) with the points (E:, Ry = [t,2t]) for t € F, \ {0,1}. Under this
identification, subgroup I'y < E(IF,,) corresponds to the index 2 subgroup of E(IF,) that contains
only one point of order 2 - point 2R.

Define a map S7 — S7USs, by the rule (E, R) — (E, R+T) for any T' € E(F,)[2]\{2R}. Note
that the map is well defined since in X (4) we identify (E, T+ R) with (E, —(T+R)) = (E,T+3R)
and also since T' ¢ T', implies R + T € I';. Map is clearly a bijection - its inverse is a map
S7US3 — S| defined by the same rule, thus #57 — #S] = #55. As the map is not changing the

elliptic curve, it follows that
Son= 3 Q)

tes] teSyuUSs
hence
1
Z Qt) = B Z Q(t)
tes] teTt

Since p = 3 (mod 4), we have that /—1 ¢ F,, so it follows from the properties of Weil pairing
that elliptic curves over IF), can not have full 4-torsion. In particular, the number of preimages of
t1 € SY U S under the map ¢ is always equal to 4, so

A# Sy + 4483 = # (X (2,8)(Fp) \ cusps) = p+ 1 — ¢(2,8).

The claim now follows from the fact that
1 1
#S5 = S# (X(2,8)(F,)\ cusps) = (p-+ 1 e(2,8))

since one t € S3 = T3 corresponds to the eight elements in X (2, 8)(F,) (we can choose a point of
order 2 in two ways, and a point of order 8 in four ways). O

It follows from the previous proposition that if p =1 (mod 4) we have that
AN W) =) (QM)° —9Q(1) +23Q(t) — 15) + Y _ (3Q(t)* — 15Q(t) + 15)

t#0,1 t#£0,1 ety
+ ) (9Q(1) —21) = Y (3Q() — 21) = 3(p+ 1 — ¢(2,8)), (2)
teTs teTs

while for p =3 (mod 4) we have

AN W) =D Q) —9Q(t)* +23Q(t) — 15) + Y _(3Q(t)> — 9Q(t) + 3)

0,1 40,1 e
£ 370000 - 21) ~ Y (8Q() +3) — 2o+ 1 - e(2.8). (3)
teTs teTs

Our next goal is to calculate sums of the form Z Q(t)?. The main observation is that
teT;
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T; = gi+1(Xi(Fp) — cusps), where X; is equal to the modular curves X (2,8), X;(8) and X (2,4)
for i = 1,2, 3 respectively. Thus, we can replace a summation ZteTi Q(t)7 with the

> N(tlimQ(gm(tiH))j

tiv1€X;(Fp)—cusps

where N (ti41) = #(9;31 (gi+1(ti+1))NX;(Fp)) is the number of F,-rational preimages of g; 1 (t;41)
under the map ¢;1+1. Maps g2 and g4 are Galois, hence in those two cases N = 2 and N = 8§
respectively while for g3 we have that N(t) = 4 if t € T3 and N(t) = 2 if t € Ty \ T3 (this is
because its Galois closure g4 is generically dihedral of order 8).

5.1 X;(4)

The universal elliptic curve E' over X;(4) has three singular fibers (over the cusps): additive
t = o0, split multiplicative ¢ = 0, and fiber ¢ = 1 which is split multiplicative if p = 1 (mod 4)
and nonsplit multiplicative if p = 3 (mod 4). Moreover, the additive fiber ¢ = oo becomes (split)
multiplicative over quadratic extension of the base field.

PROPOSITION 13. a)

2 : —

p"—pifp=1 (mod4),
ZP(t): 2 P

p*—p—2ifp=3 (mod 4).

b)

ZP(t)2_ pPP+p*—p—1,ifp=1 (mod4),
PP +pP—p—5, ifp=3 (mod 4).

Z P(t)?’: {p4+4p3—4p—3—|—e(p), ifp=1 (mod 4),

S5 pt+4p® —6p® —20p — 11 +e(p), if p=3 (mod 4).

Proof. Denote by F = R'A}.Qy.
a) Parts (1) and (2) of Theorem 11 imply that

Trace(Froby|Wy ) Z Trace(Froby|(isF)¢) — Z (p+1-P(t)),
tEcusps t#0,1
= Z P(t)— (p* —p—2) Z Trace(Froby|(i«F)t).
t#0,1 tEcusps

Since dim(S3(I'1(4))) = 0 it follows that Trace(Frobp|W11,e) = 0. Claim now follows from
Theorem 11 (3) and the description of reduction types of singular fibers for p =1 (mod 4) and
p =3 (mod 4).

b) Since by Theorem 11(3) the trace at every singular fiber is 1, we have that

Trace(Frob, |W2£ Z Trace(Froby|(i.Sym%F),) — Z <(p +1-P(t))?* - p) ,
tEcusps t#0,1
=-3-> PAP-p’+p’+p+2+2p+1) > P(t).
10,1 10,1
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The claim follows from the part a) since dim(S4(I'1(4))) = 0 (hence Trace(F robp|W217€) =0).
¢) Theorem 11 implies that

Trace(Frobp|W317£) =— Z Trace(EFroby|(iSym®F),) — Z ((p +1—-P@)® —2p(p+1— P(t))) ,
tecusps t#0,1
=Y P®)*=3(p+1) Y P’ +@B(p+1)°-2p) Y P(1)
t£0,1 t0,1 10,1
—(p=2)(p+1)*+2p(p—2)(p+1) = > Trace(Froby|(i.Sym*F),).

The claim follows from the parts a) and b) and Proposition 8a) (hence Trace(F robp|W317£) =
e(p)). Note that

Z Trace(Froby|(i,Sym3F);) =

{0+1+1:2,ﬁp51 (mod 4),
tEcusps

0+1+(-1)=0, ifp=3 (mod 4).

5.2 X(2,8)

Universal elliptic curve E* over X (2,8) has 10 singular fibers: ¢, = +i (two cusps above t; = o)
and t2+2t, —1 = 0 and t3 —2t4 — 1 = 0 (four cusps above t; = 1) which are split multiplicative if
p =1 (mod 4) and nonsplit multiplicative otherwise, and split multiplicative t4 = %1, 0, co(four
cusps above t; = 0).

PROPOSITION 14. a)

e ifp=1 (mod 8),

le Z%Z’, %fpf?) (mod 8),

N D

EL ifp=7 (mod 8)

b)

p2—8p+1+82b(p)+c(p)’ ifp=1 (mod 8),
Z P - pz—2p+14%2b(p)+0(p)7 fp=3 (mod 8),
: , ifp=T7 (mod 8).

Proof. a) Since T3 is equal to the image of F,-points (which are not cusps) on X(2,8) un-
der the natural map g4 : X(2,8) — Xi(4) of degree 8, we have ;. 1 = %6(2’8), since
#X(2,8)(Fp) =p+1 and g4 is Galois. The claim follows.

b) From the definition of T3 we have

Pt =r Y Pla).

teTs t4€X(2,8)(Fp)\cusps
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Denote F = R'A/,Qy. Theorem 11 implies that (the sum is over X(2,8)(F,))

Trace(Frob,|Wi,) Y Z Trace(Froby|(isF):) — Z (p+1—P(gs(t))),
tEcusps té¢cusps
S Trace(Froby| (i, F)) — (p+ D(p+1—c2.8)+ Y Plgs(t).
tEcusps té¢cusps

It follows from Proposition 8b) that T° mce(Frobp\Wf{ s) = 2b(p) + c(p). The claim follows since
Theorem 11(3) implies

10, if p=1 (mod 8),
4, if p=3 (mod 8),
6, if p=>5 (mod 8),
0, if p=7 (mod 8).

Z Trace(Froby|(ixF)t) =

tEcusps

5.3 X1(8)

Universal elliptic curve E3 over X;(8) has 6 singular fibers: split multiplicative t3 = oo and
t3 = +1 (two cusps above t; = 0) and t3 = 0,4+/2 (three cusps above t; = 1) which are split
multiplicative if p = 1 (mod 4) and nonsplit multiplicative otherwise. Denote F = R1h%.Qy.

PrOPOSITION 15.  a)

3p 1 ifp=1 (mod 8),

Zl— T’ 1fp:3 (mod 8),
M, ifp=>5 (mod 8),
3P 13, ifp="7 (mod 8).

teTs

b)

3p278p+2b8(p)*c(p)+3’ ifp=1 (mod 8),
3p®—6p+2b(p)—c(p)=5 p  _

S i R ifp=3 (modS8),
PAPER)ZelplES if gy = 5 (mod 8),

teTQ 2
3p —10p+2(78(p)—c(17)_137 ifp=7 (mod 8).

Proof. a) By definition, T5 is equal to the image of F,-points (which are not cusps) on X (8) under
the natural map g3 : X1(8) — X1(4) of degree 4. Since we have p+1—c(8) =4, 1423 7 1
the claim follows.

b) From the discussion at a beginning of this section it follows that

1Y Py+2 Y P(t) = > P(gs(t3)),

teTs teTe\Ts t3€X1(8)(Fp)\cusps

hence

SPn=y Y Plels) - X PO

teTy t3€X1(8)(Fp)\cusps teTs
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Denote F = R'A%,Qy. Theorem 11 implies that

Trace(Frob,|W5,) y Z Trace(Froby|(ixF)t) — Z (p+1—P(g3(t)),
tEcusps té&cusps
™ Trace(Froby|(i. 7)) — (4 Do+ 1—e®) + 3 Plas(t)),
tecusps técusps

where the sums are over X1(8)(F,). It follows from Proposition 8c) that T'r(Frob,|W?3,) = b(p),
and the claim follows. Note that Theorem 11 implies

6, if p=1 (mod 8),

2, ifp=3 ds
Z Tr(Froby|(i+F)e) = 1 p_ (mod 8),
tEcusps 4, if p=5 (mod 8),
0, ifp=7 (mod ).

5.4 X(2,4)

Universal elliptic curve E? over X (2,4) has 4 singular fibers: t5 = 0 (the cusp above t; = 1) and
ta = oo which are split multiplicative if p = 1 (mod 4) and nonsplit multiplicative otherwise,
and split multiplicative to = +1 (two cusps above t; = 0).

PROPOSITION 16. a)

Y-

teTy
b)
E:mﬂ_{m?aﬁﬁzl(mw4%
=3 .2
T %, ifp=3 (mod 4).
c)

> Pty

teTy
Proof. Denote F = R'A%,Qy.
a) By definition, 77 is equal to the image of [F,,-points (which are not cusps) on X (2, 4) under the
natural map gs : X(2,4) — X1(4) of degree 2. Since g, is Galois, we have p+1—c(2,4) =2 ;. 1
and the claim follows.
b) It follows from the discussion at the beginning of this section that

SPh=y Y Pl

) %ﬂ;@gﬁpz1(mm4x
P=8-T=d®) ifp=3 (mod 4)

et to€X (2,4)(Fp)\cusps
Theorem 11 implies
Trace(Frob,|W3,) Y Z Trace(Froby|(i«F)) — Z (p+1—P(g2(t))),
tecusps t¢cusps
Z Trace(Froby|(ixF):) — (p+1)(p+1—c(2,4)) Z P(ga(t
tEcusps t¢cusps
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where the sums are over X (2, 4)(F,). Since dim S3(T'1(4)NTY(2)) = 0, it follows Trace(FrobMWﬁZ) =
0, and the claim follows. Note that we used

4, ifp=1 d4
Z Trace(Froby|(ixF)t) :{ U (mod 4),

0, ifp=3 (mod 4).

tecusps
1 . .
c) We have Z P(t)? = 3 Z P(ga(t2))?. Theorem 11 implies
teh t2€X(2,4)(Fp)\cusps
Trace(Frobp|W§Z) = — Z Trace(Froby|(i.Sym?F),) — Z ((p +1—P(ga()* = p) ,
tEcusps té¢cusps
=— Y Pl@a®))?+2(p+1) > Plea®)—(p+1—-c24)p*+p+1)
t¢cusps t¢cusps
- Z Trace(Froby|(isSym>F),),
tEcusps

where the sums are over X (2,4)(F)).

It follows from Proposition 8d) that Trace(F robp\Wi ;) = d(p). The claim follows. Note that
we used

Z Trace(Froby|(isSym?F);) = 4.

tecusps

5.5 Proof of Theorem 1
The claim follows from the formula
NYp) = > WH=w)+ Y W),
teFp\{0} 0,1

by substituting results from Propositions 13-16 into formulas (2) and (3) and from Proposition
7 which provides formula for W (1).

6. Diophantine m-tuples in [, and character sums

In this section, we will use properties of character sums (sums of the Legendre symbols) to show
that for arbitrary m > 2 there exist Diophantine m-tuples in [F,, for sufficiently large p. We will
also derive formulas for the number of Diophantine pairs and triples in F,,.

THEOREM 17. Let m > 2 be an integer. If p > 22m~2m?

tine m-tuple in F,.

is a prime, then there exists a Diophan-

Proof. We prove the theorem by induction on m. For m = 2 and p > 16 (in fact, for p > 5), we
may take the Diophantine pair {1,3} in F,,.

Let m > 2 be an integer such that the statement holds. Take a prime p > 227 (m + 1)2. Since
p > 2*m=2m?2  there exists a Diophantine m-tuple {ai,...,am} in F,. Let

a;x+1

g::#{xEIFp:< >:1,fori:1,...,m}
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and denote by @; the multiplicative inverse of a; in F),. Then, by [LN97, Exercise 5.64], we have

g=#{r €Fp : <x+al> < > ri=1,...,m}
7

Since,

m — 2 1 m m— 2 1 3
<2+2m>\/f?+2+(m+1)< (2+2m>\/f?+2(m+1)

m 1 3 m p p
< P<2—1+2m+2m+1> <G VP < 5t < gmo
we get that g > m + 1. Thus, we conclude that there exist z € F,, = € {0, a1, az,...,an}, such
that (%ﬂ) =1 fori = 1,...,m. Hence, {ai,...,am,x} is a Diophantine (m + 1)-tuple in
Fp. O
REMARK 1. Using the Weil bounds for curves we can get a slightly better lower bound for g. Let
ai,ag, ..., ay be distinct elements of F. A desingularisation T, of a projective curve defined
by the equations a;xz + 2% = t? for i = 1,2,...m has genus g, = (m — 3)2™ 2 + 1 (to see this
apply Riemann-Hurwitz formula to the natural projection T, — T,,—1). Hence the Weil bound
for T, implies that #71,,(Fy) > p+ 1 — 2gy,\/p. We can write #1,,(F,) = 2"~1 + 2mg + 2m~ 1N
where 2™~ 1 N is the number of points on T}, with one coordinate t; equal to zero and 2™ ! is
the number of points at infinity. From N < m it follows that g > p+1 (mf’ + W%) D— LH

In the proof of the next two propositions we will several times use the following well-known
fact (see e.g. [Hua82, Section 7.8]):

() (2)

z€lF)y
provided 32 — 4ay # 0 (mod p).

PROPOSITION 18. Let p be an odd prime. The number of Diophantine pairs in IF,, is equal to

“D(p-2) . _
N(z)(p) _ %, ifp=1 (mod 4),
’)27%, ifp=3 (mod 4).

Proof. We have

w2 (1+(22))

a,b#0,a#b

/ /
where (%) = (%) for x # 0 and (%) = 1. Therefore, we have

CEIDIEED 3D B E-SI KD D

b£0 a#£0,b b0 a0, b£0,b2#—1
b2+ 1
=p-1Fr- 2+Z< ( >>+ oL
b£0 p b£0,b2£—1
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If p=1 (mod 4), the last sum is equal to p — 3. Thus we get
ANO ) =p-Dp -2~ @-D+2+(-3) =@~ 1 -2)
Similarly, for p =3 (mod 4), we get
ANP(p)=(p-1Dp-2)-(p-1)+2+(p-1)=p"-3p+4
0

There is a birational map V3 — V4, where Vj is the affine hypersurface given by (2% —1)(y* —
1) = 22 —w?, sending (a1, as, az, t12, 113, t23) to (z,y, 2z, w) = (t12, 113, a1te3, a1 ). Note that this is
an isomorphism on Us (the inverse is defined if and only if 22 — w? # 0). Define V§’ to be the
open subset of V§ where 22 # w?, i.e. V' is the image of elements in V3 for which ajazas # 0.

PRroOPOSITION 19. Let p be an odd prime. Then
#Vy(F,) = p* — 5p° + 8p — 4.
Proof. Since the formula (4) for k£ € F,; implies

#{(zw) e P2 —w? =k} = 3 <<w2p+k> +1> —

welF,

it follows from Proposition 13a)

#VIE)) =(p—1) > #Dp(F)=(p-1) | Y HE(F,)—4)+(p-3)— <_p1>

keFy, keF, —{1}
-1
—o-v | X ew-9+0-3- ()
keF, —{1}
=p®—6p° +9p—3— <_) + ) P(k)=p’—5p+8p—4,
keF, —{1}

where Dy, and Ej, are defined in Section 2 and P(k) = #E(F,). (It is easy to check that for
k# 1, #EL(F,) = #Di(Fy) — 4 and #D1(F,) = (p—3) - (3).) O

If we remove from V3'(IF,) the points that are in the image of the points (a1, ag, as, t12, t13, t23)
for which a; are not pairwise distinct, we obtain the formula for #Us(F)).

COROLLARY 20. Let p be an odd prime. Then

p3 —12p2 +53p—90, ifp=1 (mod 4),

Us(Fp) =
#Us(Fp) {p3—12p2+53p—78a ifp=3 (mod 4).

Finally, we can prove the formula for the number of Diophantine triples N®) (p) in F,,.

PROPOSITION 21. Let p be an odd prime. The number of Diophantine triples in I, is equal to

“D(p=-3)(p=5) p _
N(3)(p):{(p )(p48)(p ) ifp=1 (mod 4),

%fﬁ”)? ifp=3 (mod 4).
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Proof. Since the triples corresponding to the elements in Uz(FF,) are pairwise distinct, the size
of a Gs-orbit in Us(IF,) is either 8 - 3! (if all ¢; are non-zero) or 4 - 3! (if there is one t; equal to
7Z€ero).

The number of the later orbits is equal to the number of Diophantine triples {a,b,c} in F)

for which ab+ 1 = 0. It is not hard to see that the number of such triples is equal to 102_1% if

p=1 (mod 4) and 1”2_% if p =3 (mod 4). The number of Gs-orbits of size 8- 3! is then equal
to

#U3(Fp)—3(§!2—10p+25), ifp=1 (mod 4)
#Ug(Fp)—;g(foz—ﬁer9)7 ifp=3 (mod 4),

hence the claim follows from Corollary 20.

We can now prove the asymptotic formula

) () = - PT L omy,
N (p) 2(,;)m!+(p)

Since V;, is m-dimensional and geometrically irreducible, it follows that H2™(V,,,Q,) is one
dimensional and of Tate type of weight 2m. Hence from the Weil conjectures and the Lefschetz

trace formula
2m

#V(Fp) = Z(—l)iTrace (Froby|H.(Vin, Q)
i=0
it follows that #V,,(F,) = p™ + o(p™). Moreover, since U, is an open subset of V}, of the
maximal dimension, we also have #U,(F,) = p"™ + o(p™). The size of the generic orbit of Gy,
acting on U, (Fp,) is m!- 2(%) (the union of the orbits of smaller size is contained in the union of
subvarieties of smaller dimension), hence the asymptotic formula follows.
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