DIOPHANTINE TRIPLES WITH LARGEST TWO ELEMENTS IN
COMMON

MIHAI CIPU, ANDREJ DUJELLA, AND YASUTSUGU FUJITA

ABSTRACT. In this paper we prove that if {a, b, ¢} is a Diophantine triple with
a < b < ¢, then {a + 1,b,c} cannot be a Diophantine triple. Moreover, we
show that if {a1,b,c} and {a2,b,c} are Diophantine triples with a1 < a2 <
b < c < 16b3, then {a1,a2,b,c} is a Diophantine quadruple. In view of these
results, we conjecture that if {a1,b,c} and {a2,b,c} are Diophantine triples
with a1 < az < b < ¢, then {a1,a2,b,c} is a Diophantine quadruple.

1. INTRODUCTION

A set of m positive integers {a1, ..., an} is called Diophantine m-tuple if a;a;+1
is a perfect square for all ¢ and j with 1 < i < 7 < m. The second author proved
in [9] that there does not exist a Diophantine sextuple and that there exist only
finitely many Diophantine quintuples. Recently, it was shown by He, Toghé and
Ziegler [17] that there does not exist a Diophantine quintuple, thus confirming a
folklore conjecture. On the other hand, the stronger conjecture asserting that all
Diophantine quadruples are regular is still open. Here a Diophantine quadruple
{a,b,c,d} with a < b < ¢ < d is called regular if d = dy := a4+ b+ ¢ + 2abc +
2RST with R:=+ab+1, S :=+vac+1, T :=+bc+1 (see [1]). For Diophantine
quadruples {a, b, c,d} with a < b < ¢ < d containing various pairs {a, b} or triples
{a, b, c}, such as
{k—1,k+ 1} with k& > 2 an integer [4, 13],

{k, 4k £ 4} with k a positive integer [12, 14],

{K,A2K+2A, (A+1)?K +£2(A+1)} with A, K positive integers [6, 15, 16],
{a,b, c} with ¢ > 200b* [7],

it is known that d must be equal to d.

In proving each of the results above, the starting point is to transform the con-
ditions that ad +1 = X2, bd + 1 = Y2, cd + 1 = Z? for some positive integers X,
Y, Z into the system of Pellian equations

aZ? —cX?=a—c,

bZ? —cY? =b—c,

and the crucial part is where an upper bound for Z is deduced by using Baker’s
method or hypergeometric method. In any case, the condition that “ab+ 1 is a
perfect square” is not essentially required for the upper bound. This consideration
leads us to expect that the following holds.
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Conjecture 1.1. Suppose that {a1,b,c} and {a2,b,c} are Diophantine triples with
a1 < ag < b <c. Then, {a1,az2,b,c} is a Diophantine quadruple.

Conjecture 1.1 together with the result due to He, Togbé and Ziegler [17] implies
the following.

Conjecture 1.2. Suppose that {a1,b,c,d} is a Diophantine quadruple with a; <
b < c¢ < d. Then, {az,b,c,d} is not a Diophantine quadruple for any integer as
with ay # ag < b.

Taking the contraposition of Conjecture 1.1, one finds that if ajas + 1 is not
a perfect square for positive integers a; and ag, then at least one of the triples
{a1,b,c} and {a2,b,c} is not a Diophantine triple for any integers b and ¢ with
max{aj,as} < b < ¢. The first theorem of this paper gives an example of such a
pair {a1,as}.
Theorem 1.3. Suppose that {a,b,c} is a Diophantine triple. Then, {a+1,b,c} is
not a Diophantine triple.

The second theorem of this paper also supports the validity of Conjecture 1.1.
Theorem 1.4. If ¢ < 16b3, then Conjecture 1.1 holds.

Theorem 1.4 together with [7, Theorem 1.4] and [17, Theorem 1] immediately
implies the following.

Corollary 1.5. If either ¢ < 16b% or ¢ > 200b*, then Conjecture 1.2 holds.

The organization of this paper is as follows. The proof of Theorem 1.3 is given
in Sections 2 to 4. In Section 2, we express b in terms of a. We show that under a
certain assumption (see Assumption 2.2) implying “b and ¢ are minimal”, b appears
in a sequence (b,) (v = 1,2,...), and we determine the fundamental solutions to
the system of Pellian equations obtained from the conditions on the squareness. We
also show the size relations for the indices of sequences which are given as solutions
to the system. In Section 3 we give the proof of Theorem 1.3 in the case where
b > by using hypergeometric method developed in [20] (see Theorem 3.2), and in
Section 4 we prove Theorem 1.3 in the case where b = b; using Baker’s method on
linear forms in two logarithms (see Theorem 4.3). Finally in Section 5 we prove
Theorem 1.4 by making use of the properties of regular Diophantine quadruples.

2. FUNDAMENTAL SOLUTIONS

Let {a,b,c} be a Diophantine triple. Suppose that {a + 1,b, ¢} is a Diophantine
triple. We may assume that
b<ec.

Let s and t be positive integers satisfying
ab+1=s* and (a+1)b+1=1%
These equations imply the Pellian equation
(1) at?> — (a+1)s* = —1.
Since the least positive solution to the Pellian equation X2 — a(a + 1)Y?2 = 1 is

(X,Y) = (2a+ 1, 2), following the argument of Nagell [19, Theorem 108a] (see also
[8, Lemma 1]), we see that there exists a solution (tg, sg) to (1) satisfying

(2) 0<sy <1, |t0|§1
such that any positive integer solution (¢, s) to (1) can be expressed as

(3) tva+sva+1= (tov/a+ sova+1)(2a + 1+ 2v/a(a+ 1))
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for some non-negative integer v. It is obvious from (2) that so = 1 and ¢, = *1.
Since any positive integer solution (¢, s) to (1) with (¢g, sg) = (—1, 1) is also obtained
from (to,s0) = (1,1), we may take tg = 1. It follows from (3) that any positive
integer solution (¢, s) to (1) is given by s = o,,, where

oo=1, o1=4a+1, o,42=22a+1)o,41 —0
Put b, = (62 — 1)/a. The smallest values of b,’s are the following:
bp=0, b =16a+8, by =256a>+ 384a% + 176a + 24,
by = 4096a° + 10240a* + 9472a> + 396842 + 736a + 48.

We may assume that b = b, > b;.
Moreover, there exist positive integers x, y, z such that

ac+1=22 (a+1)c+1=19>% be+1=2>
from which we deduce the following system of Pellian equations
(4) az? —bz* =a—b,
(5) (a+1)22 —by* =a+1-0.
By [8, Lemma 1], we can describe the solutions to (4) and (5) as follows.

Lemma 2.1. There exist solutions (20, xo) and (z1,y1) to (4) and (5), respectively,

satisfying
v 3020 <
1 <|z| <1/ _12)a —a) \/;
lsns \/( 2)(§b_1c)l — < \/T

== A

2(a+1) 2va+1

such that any positive integer solutions (z,x) and (z,y) to (4) and (5), respectively,
can be expressed as

zva+ zVb = (2 + zoVD)(s + Vab)™
wVa+1+yvb=(z1 +yVb)(t++/(a+ 1)b)"
for some non-negative integers m and n.

By Lemma 2.1, we may write z = v,, = w,, for some non-negative integers m
and n, where

(6) vp = 20, U1 =829+ bTo, Umt2 = 28Umit1 — Upm,
(7) wy =21, w1 =1tz +by1, Wpio = 2tWpir1 — Wy.
Note that (6) and (7) immediately imply that

(8) 2=22=1 (modb).

In what follows, until the end of the proof of Theorem 1.3, we assume that “b and
¢ are minimal” among the b’s and ¢’s for which Theorem 1.3 is not valid, in other
words, we put the following.
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Assumption 2.2. At least one of {a,V',b} and {a + 1,V',b} is not a Diophantine
triple for any b with 0 < b’ < b.

Lemma 2.3. If the equation v,, = w, has a solution, then both m and n are even
and zg = z1 = €, where € € {£1}.

Proof. Suppose first that both m and n are even. By [8, Lemma 3] we have zp = z1.
Putting do := (2% — 1)/b, which is an integer by (8), we see from Lemma 2.1 that
do < b. Tt is clear that adp + 1 = 23, (a + 1)do + 1 = y} and bdy + 1 = 22, which
means that either dy = 0 or both {a, b, dp} and {a+1,b,dy} are Diophantine triples.
In view of Assumption 2.2, we must have dy = 0 and zy = £1.

Suppose second that m is odd and n is even. By [8, Lemma 3] we have bxg —
s|lzo| = |z1| and 2021 < 0. Putting 2’ := |21| = bxg — z|20| and dp := ((2')? — 1)/,
we see from (8) and Lemma 2.1 that dj is an integer with dy < b. Since ady + 1 =
(szo —alzo|)?, (a+1)do + 1 = y3, bdp + 1 = (2')?, we deduce from Assumption 2.2
that dg = 0 and |z1| = bxg — z|z9| = 1. However, the last equality does not hold,
since b > by = 16a + 8 and

b(b—a) — 22 . 2b\/a — Vb — 2a+/a -
brg + 5|20 2\/2a(s + 1)

Therefore, this case does not occur.

Suppose third that m is even and n is odd. By [8, Lemma 3] we have by, —t|z1| =
|z0| and zp21 < 0. Putting 2’ := |20| = bys — t|z1| and dg := ((2")? — 1)/b, one may
arrive at a contradiction in the same way as in the previous case.

Suppose finally that both m and n are odd. By [8, Lemma 3] we have bxo—z|zg| =
byr1—t|z1| and 2921 > 0. Putting 2’ := bxg—s|2z0| = by1 —t|z1] and dg := ((2/)?>—1) /b,
one may again arrive at a contradiction similarly to the previous two cases. O

bxro — $|zo| =

The following lemma is easily deduced from Lemma 2.3 together with [9, Lemma
3 and its proof].

Lemma 2.4. If v,, = w, has a solution, then n < m < 2n.
The previous result can be strengthened as follows.
Lemma 2.5. If v,, = w, has a solution with m > 2 then m > n.

Proof. If ¢ = 1, then vg = 2s(b+s) —1 < 2t(b+1¢) — 1 = wy. If ¢ = —1, then

vy =2s(b—s)+1=2(s—a)b—1and wy =2((b—t)+1=2(t—a—1)b— 1.

Since t = s+ 1 entails b = ¢?> — 52 is odd, which is not possible having in view that

b, = (02 —1)/a and 0, =1 (mod 4a) for any positive v, we deduce that vy < ws.
For n > 3, we see from s <t — 2 that

VUp = 28Vp_1 — Up_o < 28Up_1 < 25W,_1 < 2tw,_1 — 4w, _1
< 2twp_ 1 — Wp_9 = Wy.

By induction, we conclude that if v,, = w,, then m > n for m > 2. O

3. PROOF OF THEOREM 1.3: THE CASE b > by
Lemma 3.1. If v,, = w, has a solution with m > 0, then

m > (a+1)71/2p1/2,
Proof. By (6), (7) and Lemma 2.3 we have
cam? + 2sm = e(a + 1)n® + 2tn (mod 16b),

that is,
(9) e{am? — (a +1)n?} = 2(tn — sm) (mod 16b).
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Suppose that m < (a + 1)~*/2b'/2. Then, since
max{am?, (a + 1)n?} < (a + 1)m? < b,
max{sm,tn} <tm < (a+1)"Y22/(a +1)b+1 < 2b,
congruence (9) is in fact an equality. Thus we have
(10) {(a+1)n* —am*{2b + e(tn + sm)} = 2(m* — n?).

In the previous proof we have shown that m # n. Since both m and n are even
by Lemma 2.3, we see from Lemma 2.4 that

n+2<m<2n and |am?— (a+ 1)n? > 4.
It follows from (10) that
212b + e(tn + sm)| < m? — n?,
which yields

4b < 2(tn + sm) +m? —n? < 2y/(a+ 1)b+ 1(m — 2) + 2mVab + 1 + %m2

a+1 3/ b b
2 nDb+1(1-2 2Vab+ 14+ =y —— )
<{ (a+1)b+ ( 2 >+ ab + +4 a+1} ]

Thus, we have

1 a-+1 ab+1 3
2< /1 1—24/—
= +(a+1)b< V™o )* @t )b Bat1)

which is a contradiction, since

1 a1 ab+ 1 3
1+ —[(1-2¢/“ ) <1 and 1.
+(a+1)b< b >< an @+ 1) Bat1) ©

Therefore, we obtain m > (a + 1)~/2p1/2, O

Theorem 3.2. Let a be a positive integer and N a multiple of a(a+1). Assume that

N > 4.652a(a+1)%. Then, the numbers 61 = \/1+ (a +1)/N and 02 = \/1 + a/N

satisfy
max {

for all integers p1, p2, q with ¢ > 0, where
log(1 )N
No1y g0 nN)
log(2.15a=1(a + 1)~1N2)

)

o, -
q

0, — 2
q

} > (1.604- 10%N) ' g

< 2.

Proof. The proof proceeds along the same lines as the one of [5, Theorem 2.2] or
[11, Theorem 2.5]. For 0 < i, 57 < 2 and integers ag, a1, as, let p;;(x) be the
polynomial defined by

pij(z) = ( ¢ 4;1,1/2 ) (1+az2)*"am I ( _;Zij ) (aj —a)) =",
ij ’ I#]
where k;; = k + 6;; with ;; the Kronecker delta, Zij denotes the sum over all
non-negative integers hg, h1, ho satisfying ho 4+ hq1 +ho = k;; — 1, and Hl# denotes
the product from | = 0 to ! = 2 omitting [ = j (which is the expression (3.7) in [20]
with v = 1/2). Substituting = 1/N we have

pm =3 (43 eI )

ij
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where
Nk &
- A irt+h
N . k)—hj ]i[(a‘7 al) :
(N + aj) 14
We take ag =0, a1 = a, az = a+ 1 and N = a(a + 1) Ny for some integer Ny. If
7 =10, then

CZ" =

aki1+ho+h1*k(a 4 1)k12+h0+h2*kN

|Cio| = N and a"(a+1)FN*C € Z.
0
If j =1, then
kiothot+hi—k Nk
__a k ark ~—1
|Cin| = (ot DN + 13F s and a"N"C;" € Z.
If j = 2, then

(a + 1)k7‘,o+ho+h2—ka
((ZNO + 1)k7h2

Thus we have {a(a + l)N}kC’i;1 € Z for all ¢, j. It follows from the proof of [5,
Theorem 2.2] that

|Cia| =

and (a+1)*NFC! € Z.

x4.09-10%3

pigk =2 {da(a+ YN} ——=

and if we put 6y = 1, we have
2
|pijk| < ppk and Zpijkej < lLik,
j=0

where

4.09 - 1013 a 1/2
= ]. 7) 2. M ]. 13,
9 ( ON < 2.073-10

_ 3201+ 2B )ala+ )N

2N 10 1N
1.6(2a + 1) <10(@+1)N,
4.09-10'3 27 a+1\7" 19
l—2-64<1— N) < 9.667-10'2,
16 27 a+1\> 5 215N?
~ da(a+1)N 4 N ala+1)

Now, one can deduce Theorem 3.2 from [3, Lemma 3.1], noting that N > 4.652a(a+
1)? implies
5= log(10(a + 1)N)
log(2.15a"1(a + 1)~1N?2)

and

1 )N
< dap. Oa(a+1)
a

(2021 < 1.604 - 10%(a + 1)N.
O

Lemma 3.3. (cf. [8, Lemma 12]) Let N = a(a+1)b and let 0y, 03 be as in Theorem
3.2. Then all positive solutions to the system of Pellian equations (4) and (5) satisfy

1 b
max{ (a+ )sx } < — 272
2a

ala+ 1)z
Lemma 3.4. If m > 1, then z = v, > (s + \/%)m.

aty
ala+ 1)z

0, —

s |V2 —
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Proof. By (6) and Lemma 2.3, we have

11) v = 2f{<sf+\f)<s+f) + (ev/a — Vb)(s — Vab)™ }
Note that b > by = 16a + 8. If ¢ = 1, then
Va+vb mfy 1 oIy
om > (s + Vab) {1 <s+\/<%)2m}>( + Vab)
If e = —1, then

> (s+\/%)m{‘;’— \/52;5‘/& (H\}%)?m} > (s + Vab)™

By (7) and Lemma 2.3, we also have

; {(sm—i—\[ )(t+/(a+ 1)b)"
+(eVa+1—Vo)(t— (a+1)b)”}.

Applying standard techniques to v, = w,, with (11) and (12), we have
1-2m

(12) Wy, =

(13) 0<A:=mloga—nlogs+logy <«

where

Va+1(vVb+ey/a)
a::s+\/cE, B=t++/(a+1)b and = .
( ) Va(Vb+eva+1)
Inequality (13) is necessary for the reduction procedure and the proof in the case
where b = by = 16a + 8.
Now we are ready to prove Theorem 1.3 in the case where b > by = 256a% +
384a? + 176a + 24.

Proof of Theorem 1.3 in the case b > ba. Suppose that b > by and Assumption 2.2
holds. We apply Theorem 3.2 with N = a(a + 1)b, p1 = (a + 1)sz, pa = aty and
q = a(a+ 1)z. Combining it with Lemma 3.3 shows that

b
27N < 5+ 1:604- 10%a(a + 1)b(a(a + 1))
a

Since
log(0.215(a + 1)~ 1b)

2 — =
A log(2.15a(a + 1)b?) ’

we have

log(8.02 - 10*7a?(a + 1)3b?) log(2.15a(a + 1)b?)
log(0.215(a + 1)~ 1b) ’
which together with Lemmas 3.1 and 3.4 implies that
log(8.02 - 10*7a?(a + 1)3b?) log(2.15a(a + 1)b?)
log(s + vab) log(0.215(a + 1)~1b) .

Since the right-hand side is a decreasing function of b, we see from b > by >
256(a3 + a?) that

log z <

(a + 1)_1b1/2 <

f(a) = 164 < log(5.256 - 1032a®(a + 1)3) log(1.4091 -}O5a7(a + 1))
log(32a2) log(55.04a3(a + 1)~ 1)
Assume that @ > 4. Then the right-hand side of the above equation is less than
log(1.0266 - 1033a'!) log(1.7614 - 10°a®)
log(32a2) log(44.032a2) =i 9(a).
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Since f(a) is an increasing function while g(a) is a decreasing function and f(4) >
50 > g(4), we have f(a) > g(a) for a > 4, which is a contradiction, Hence, a < 3.

In the case where 1 < a < 3, we repeat the reasoning from the previous paragraph
assuming b > by > 4096(a’®+a*) and we readily arrive at a contradiction. Therefore,
it remains to consider the pairs (a,b) = (1, 840), (2, 3960), (3,10920).

A program implementing the variant of Baker-Davenport Lemma [2, Lemma]
from [10, Lemma 5] returned the bound m < 5, which is not compatible with
Lemma 3.1 because b > by > 256a>. O

4. PROOF OF THEOREM 1.3: THE CASE b = b;
Lemma 4.1. If v,, = w, has a solution with m > 2, then
(m —0.001)loga — nlog 8 < 0.
Proof. Since

o’ loga = (s + Vab)® log(s + Vab) > 2000
and v > 1, one may deduce from (13) that

A < o™ < 20007 log a < 0.0011og o + log 7.
This immediately shows the desired inequality. O
Lemma 4.2. If v,, = w, has a solution with m > 2 and b = by = 16a + 8, then
n > 2(v —0.001)alog a,
where v :=m — n.

P700’. By Le“l“la 41 we lla»\/e
14 m < <

n n log v alog o
_2+(Vat — Va)Vb _ 4y/a+ Vb
2v/ablog o 4av/blog o
1
<2 loga’
from which the desired inequality follows. O

Theorem 4.3. ([18, Corollary 2]) Assume that a1 and as are real, positive and
multiplicatively independent algebraic numbers in a field K of degree D. Set

A :=bylogas — by logay,
where by and by are positive integers. Let Ay and As be real numbers greater than
one such that
log A; > max {h(«;),|loga;|/D,1/D} (i=1,2).
Set ) )
b= ! + z
DlogA;  Dlog Ay

Then,

log A > —24.34D* (max{log b’ + 0.14,21/D,1/2})* log A; log A,.
Rewriting A as

A =log(a”v) — nlog <5) ,

a
we apply Theorem 4.3 with

b1 =mn, by =1, alzé, as =a’y, D=4.
a
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We have 1 1
h(a) = 3 loga and h(B) = 3 log 5.
Since the conjugates of v whose absolute values are greater than one are
Va+i(Vb+va)  Va+1(Vb—ya) Va+1(Vb+ a)
VaWb+va+1) Va(Wb-va+1) Va(Wb-va+1)

and the leading coefficient of the minimal polynomial of 7 is a divisor of a?(b—a—1)?2,
we see that

h() < Jlos {a(a+ Y20~ )V + VA (Vi + VaT 1)} < loga

Hence,

h(ar) = h(B/a) < h(B) + h(a) =

h(az) = h(a’y) < vh(a) + h(y) < (% + 1) log a.

(log o + log B),

DO =

Moreover, since

Va+1(vb— \/a) 16a 4+ 8 4 (v/2 — 1)y/16a + 8 — /2
'vsvﬂw@_vh+1)§v§. 15a+ 7 <2

we have

logas  vloga +log?2 v
> +1)loga.
D < 1 <(2+ og o

Thus, we may take
1
log A = i(loga +logp), logA,; = (g + 1) log «,

which together with n < m — 2 yields
, n 1 m

= < .
2(v+2)loga + 2(loga+1log8)  2(v+2)loga

Since
t+ +/ 1)b
8= w ca < 141a
s+ +Vab
and

log a + log 8 < log(1.41a?%) < 2.151og a,
it follows from (13) and Theorem 4.3 that

2
m— 0.5 m
14 — < 52.331 1 - 5.25 .
W gy ayiogs <299 (mec{ e (555 5000 ) 5%}

If log(m/(2(v + 2) log ) < 5.25, then
m < 382(v + 2) log a.
If log(m/(2(v + 2) log ) > 5.25, then inequality (14) implies that
(15) m < 6960.2(v + 2) log a.
Thus, inequality (15) holds in any case. Combining Lemma 4.2 with (15), we obtain
2(v — 0.001)a < 6960.2(v + 2),

which yields
a < 6964
It therefore remains to prove the theorem for a < 6964.
Two steps of the reduction process ended with the bound m < 5. From Lem-
mas 2.4 and 2.5 one deduces m = 4, n = 2, and it is now an easy task to explicitly
compute the relevant values v,,, w, and see they are different.
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5. PROOF OF THEOREM 1.4
Put
d; == a; + b+ c+2a;bc — 2r;s;u for i€ {1,2},
where
ri=+vab+1, s;:=+ac+1, u:=+vbc+1l
It is well known that 0 < d; < ¢ and it holds
(16) (b +c—a; — dl)Q = 4(aidi + 1)(bC + 1)
for i € {1,2}. Moreover, if d; > 0, then {a;,d;, b, c} is a Diophantine quadruple, in
particular, t; := v/a;d; + 1 is an integer.
Noting that
(17) ¢ = 4a;d;b + \; max{d;, b},
with \; a rational number satisfying 1 < \; < 4, we have
(18) 4(a1d1 — agdg)b = )\2 max{dg, b} — )\1 max{dl, b}
Thus we obtain
max{dl, dg, b}
—

If max{dy,ds,b} = b, then from (18) we get 4|a1dy —azda| = | A2 — A1| < 3, which
implies that |a1d; — asds| < 1 and a1dy = asds.
If max{dy, ds, b} = dy, suppose that ayd; # asds. Then we have

(19) |a1d1 — a2d2| <

lardy — agds| = |13 — t3] > [t2 — (t1 — 1)?| = 2t; — 1,
which together with (19) shows that
d
2 < ?1 + 1.
Squaring both sides of this inequality yields

d? — 2b(2a1b — 1)d, — 3b* > 0,

which means that d; > 2b(2a;b —1). This in turn implies that ¢; > 2a;b— 1. As t;
is coprime with a1, for a; > 2 one has t; > 2a,0+ 1. Assuming a; = 1 and ¢; = 20,
one obtains d; = t? — 1 = 4b* — 1 and, by (17),

¢ > 4b(4b* — 1) +4b% — 1 > 16b°.
Thus, ¢1 > 2a1b + 1 holds in any case. Then from (17) it follows that
¢ > 4aydib > 16a1b%(a1b + 1) > 16b°,

which contradicts the hypothesis ¢ < 16b>. Hence, we get a1d; = asds.

If max{dy, dq,b} = da, then a1d; < azdz and in the same way as in the previous
case we obtain dp > 2b(2a2b — 1) and ¢ > 16b%, a contradiction. Hence, this case
cannot occur.

Therefore, we have seen that a1d; = aads.

Equation (16) together with a1d; = asds implies that

(b+07a17d1)2:(b+07a27d2)2.

Since a; < b and d; < ¢, we obtain a; + di = as + dy, which combined with
a1d; = asdy yields dy = ay and dy = ay. This implies that {a1,a2,b,c} is a
Diophantine quadruple.
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